Class XII Chapter 5 - Continuity and Differentiability

Maths

Exercise 5.1

Question 1:

x)=5x-3

Prove that the function”’ ( is continuous at* = (-3t ¥ =

Answer

The given function is,,i"'{x) =5x-3
Atx=0,f(0)=5%x0-3=3

lim f(x) =lim(5x-3)=5x0-3=-3

s lim f'(x)= £ (0)

Therefore, fis continuous at x = 0
Atx=-3,f(-3)=5%(-3)-3=-18
Ill_i{n]f{_r] = .Tliml(ﬁx—Ej] =5x(-3)-3=-18

s lim f(x)= f(-3)

Therefore, f is continuous at x = -3

Aty = 5,}'{,1:} ffq}l 547 — 3 =9a— & M
llin';f(.‘r‘} =lim(5x-3)=5x5-3=22

“lim £ (x) 27 (5)

Therefore, fis continuous at x = 5

Question 2:

Examine the continuity of the function J {T} =2v —latx=3 .

Answer

The given function is f(x) = 2x" -1
Atx=3,f(x)=f(3)=2x3-1=17
lim f(x) =lim(2x" ~1) =2x3* ~1=17

Slim £ (x)= £ (3)

Thus, fis continuous at x = 3

—3and at x = 5.
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Examine the following functions for continuity.

X—=2

1
TR T _f'{x}=—,x#5
(@) 1 ()=2=5 5

(c)

Answer

flx)=x-5

(@) The given function is"
It is evident that f is defined at every real number k and its value at kis kK = 5.

lim f(x)=lim(x-5)=k-5= 1 (k)
It is also observed that, ** Tk ! S

Slim flx)= Sk
.'r—?r‘.f{ ) f{ ]
Hence, fis continuous at every real number and therefore, it is a continuous function.
_fI{.\'Jz : :,.‘l‘is

(b) The given function is X2

For any real number kK # 5, we obtain

lim f(x)=li !

im f{x)=lm == —
Tk l ’ X+ X —f. k - 5

Also, (k) =%

s lim j'{x):j'[ k)
I—wE :
Hence, fis continuous at every point in the domain of f and therefore, it is a continuous

function.

_ x- =25 -
_f{x}:r X #E=5
(c) The given function is X+35

For any real number ¢ # -5, we obtain
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- r+5)(x—3
i 7 (1) =tim 2%t D) i c5) < -5)

Also, f (¢) = (f*ijl(;_s} =(e=5) (asc#-3)
wlim f(x)= £ (e)

Hence, fis continuous at every point in the domain of f and therefore, it is a continuous

function.

S—x, 1fx<35

£) === 3
(d) The given function is T x=o

This function f is defined at all points of the real line.

Let c be a point on a real line. Then,c<50rc=50rc>5
Casel:c<5

Then, f(c)=5-c¢

lim f(x)= hT{S ~x)=5-¢

< lim flx)=flc)

Therefore, fis continuous at all real numbers less than 5.
CaselIl:c=5

Then, fle) &1 (5)=(6~5)=0

lim f(x) ‘]injllﬁ—.r‘.l=lf5—5} 0

lim f(x)=lim(x-5)=0

slim f(x)=lim f(x)= f(c)

Therefore, fis continuous at x = 5
CaseIll: c > 5

Then, [ (c)= f(5)=c-5

lim f(x) =lim(x~5)=c~-5

sim f(x)= 1(e)

K=

Therefore, fis continuous at all real numbers greater than 5.

Hence, fis continuous at every real number and therefore, it is a continuous function.
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. (x)=x", . . N

Prove that the function / { ] is continuous at x = n, where n is a positive integer.
Answer

The given function is f (x) = x”

It is evident that f is defined at all positive integers, n, and its value at n is n".

Then, lim f(n)=lim(x" )= n"

Iin!j'[.r] = f(n)

Therefore, fis continuous at n, where n is a positive integer.

Is the function f defined by
x, ifx <l
5, ifx =1

f(x)=

continuous at x = 0? At x = 1?2 At x = 2?

Answer
o [x, ifes]
fl_\_l: & fe ,r . ]
The given function fis &t x>
Atx =0,

It is evident that fis defined at 0 and its value at 0 is O.

Then, lim f(x)= limx=0

a—+l * =+l

~lim f(x)= £(0)

o]
Therefore, fis continuous at x = 0
Atx =1,

fis defined at 1 and its value at 1 is 1.
The left hand limit of fat x = 1 is,

lim f(x)=limx=1

x—+l

The right hand limit of fat x = 1 is,
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lim f(x)=1lim(5)=5

K=l ]

lim () # lim (3

Therefore, fis not continuous at x = 1
At x = 2,

fis defined at 2 and its value at 2 is 5.

Then, lim flx)= Ii_]p{S} =5
slim £ (x) = £(2)

Therefore, fis continuous at x = 2

Find all points of discontinuity of f, where fis defined by
, 2y 43, ifxr=2
flx)= ,
2x =3, ifx=2
Answer
x4 3 Nifrs2

2y =3, ifg>2

A_]
il ]—|\

The given function fis

It is evident that the given function fis defined at all the points of the real line.

Let c be a point on the real line. Then, three cases arise.
(c<2

(i)c>2

(iiiy)c=2

Case (i)c < 2

Then, f(¢)=2c+3

lim f(x)= ]L_ir'n_ (2x+3)=2c+3

Nebi

slim f(x)=f(¢)

Therefore, fis continuous at all points x, such that x < 2

Case (ii)c > 2
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Then, f(¢)=2c-3
lim £ (x) = lim (2~ 3) = 2¢ -3
sim f(x)=1(e)

Therefore, fis continuous at all points x, such that x > 2
Case (iii) c =2
Then, the left hand limit of fat x = 2 is,

lim fx)= lim (2x+3)=2x2+3=7

The right hand limit of fat x = 2 is,
lim f(x)=lim(2x-3)=2x2-3=1

It is observed that the left and right hand limit of f at x = 2 do not coincide.
Therefore, fis not continuous at x = 2

Hence, x = 2 is the only point of discontinuity. of f.

Find all points of discontinuity of f, where fis defined by
x| F3ifx <=3
23— 3 <=9

x4+ 2, ifx =3

flx)=

Answer
x|+3=—x+3. ifx=<-=3
_f'[x}= =2x, if-3<x<3

bx+2, ifx=3
The given function fis

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

If ¢ <3, then f(c)=—c+3

lim f(x)=lim(-x+3)=~c+3

];iT flx)=f(c)
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Therefore, fis continuous at all points x, such that x < -3

Case II:
If ¢ =3, thenf(-3)=—(-3)+3=6

lim f(x)= lim (~x+3)=—(-3)+3=6

x—+-13 i3

lim f(x)= lim (-2x)=-2x(-3)=6

s lim f(x)=f(-3)
Therefore, fis continuous at x = -3
Case III:

If —3<¢<3, then f(c)=—2¢and lim f(x)=lim(-2x)=-2¢

e T

sim f(x)=1(e)

Therefore, fis continuous in (=3, 3).

Case IV:

If ¢ = 3, then the left hand limit of f at x = 3.is,
lim f(x)=lim(-2x)=-2x3=-6

The right hand limit of fat x = 3 is,

lim f(x) |imfﬁ\'42} =6x3+2=220

It is observed that the left and right hand limit of f at x = 3 do not coincide.
Therefore, fis not continuous at x = 3
Case V:

If ¢ >3, then f(c)=6c+2 and |i1:r_1_f(x]= lim(6x+2)=6c+2
]llrn f(x)=r(c)

Therefore, fis continuous at all points x, such that x > 3

Hence, x = 3 is the only point of discontinuity of f.

Find all points of discontinuity of f, where fis defined by
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m ifx=0
flx)=1x
0, 1fx=0
Answer
|
: Liafx=10
flx)=1x

The given function fis 0, if x=0

It is known that, ¥ <0= l=-xandx>0=|x=x

Therefore, the given function can be rewritten as

|'i|—_—"——1if.r<u
x X

fx)=40,ifx=0
H=£=l, ifx=0
X X

The given function fis defined at all the points of the real line.

Let c be a point on the real line.

Case I:
If ¢ <0, thengfc) ==l
hm,i’(r} lim(-1)=-1

slim f(x) = file)

Therefore, fis continuous at all points x < 0
Case II:

If c = 0, then the left hand limit of fat x = 0 is,
lim f(x)=lim({-1)=-I

x—il j{ } a—wl { }

The right hand limit of fat x = 0 is,

lim f{x)=lim(1)=1

x—" f { ] -l ( ]

It is observed that the left and right hand limit of f at x = 0 do not coincide.

Therefore, fis not continuous at x = 0
Case III:

Page 8 of 144


http://aglasem.com

Class XII Chapter 5 - Continuity and Differentiability

Maths

If ¢ >0, then f(c)=1
lim f(x)=lim({1)=1

X X—C

sim f(x)=1(e)

Therefore, fis continuous at all points x, such that x > 0
Hence, x = 0 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by

x .
J—, ifx<0
7()={H
l— I, ifx=0
Answer
. [i, ifx<0
fx) { X
The given function fis 1, ifx=0
X< H;‘,‘_I- _y

It is known that,
Therefore, the given function can.be rewritten as
| e o 1ifr<0
f(x)=1|x Ox
ifx=10
= f{1}= —lforallxeR
lim f(x)=1lim(-1)=-1

Let c be any real number. Then, *¢ X3
Sfle)=-1=lim f(x)
Also, Ak

Therefore, the given function is a continuous function.

Hence, the given function has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
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_jx+Lifxz|

fx)=

Answer

| +1, ifx <1

jx+Lifxz|

| +1, ifx <1

f(x)-

The given function fis
The given function f is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:
If ¢ <1, then f(¢) = ¢’ +1and lim f(x)=lim(x*+1)=¢* +1
cim f(x) = f(e)
Therefore, fis continuous at all points x, such that x < 1
Case II:
Ife=1, thenf(c)=f(1)=1+1=2
The left hand limit of fat x = 1 is,
li x)=lim(x" +1)=1F+1=2
lim S (x) lim [x +1)
The right hand limit of fat x = 1 is,
lim f(x)=lim (x+1) =l +l=2
K=l x—+
Slim Sx) =001
lim f(x)=/ (1)
Therefore, fis continuous at x = 1
Case III:
Ife=1, thenf{t"} =c+]

lim f(x)=lim(x+1)=c+1

sim f(x)=1(e)

Therefore, fis continuous at all points x, such that x > 1

Hence, the given function f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
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/(x) ={ ¥ -3, ifx<2

x L ifx =2

Answer

/(x) ={ ¥ -3, ifx<2

The given function fis X+, ifx>2

The given function fis defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

Ife <2, thenf(c)=c’—3and lim f(x)=lim [f - 3) =c'-3

A=

“lim £ (x)= 1 (c)

Therefore, fis continuous at all points x, such that x < 2

Case II:
Ife=2, thenf(c)= f(2)=2"-3%5

lim £ (x)=lim(x'-3)=2"~3=5

¥—2 T2

lim f(x)=lim(x*+1) 22" +1=5
i f(x) =7(2)

Therefore, fis continuous at x = 2

Case III:

Ifc>2, thenf(c)=c"+1

slim f(x)= /()

Therefore, fis continuous at all points x, such that x > 2

lim f(x) =lim (" +1) = ¢” +1

Thus, the given function f is continuous at every point on the real line.

Hence, f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by
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f'[—*]={¥i“"s ifx<1

X, ifx=1
Answer

f'[—*]={¥i“"s ifx<1

The given function fis X ifx>1
The given function fis defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:
Ife <1, thenf(c)=c" —1and lim f(x)=lim(x" -1)=¢" -1
cim f(x) = f(c)

Therefore, fis continuous at all points x, such that x < 1

Case II:
If c = 1, then the left hand limit of fat x = 1 is,
lim f(x)=lim(x"=1)=1"-1=1-1=0

a—xl =l N

The right hand limit of fat x = 1'is,
lim f(x) = lim ij =1

K=l |

It is observed that the left and right hand limit of f at x = 1 do not coincide.
Therefore, fis not continuous at x =1

Case III:

Ife>1, thenf(c)=¢

lim f(x)= ]jm{l'.r\} = ¢

sim f(x)=1(c)
Therefore, fis continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.

Is the function defined by

Page 12 of 144


http://aglasem.com

Class XII Chapter 5 - Continuity and Differentiability Maths
. x+5 ifx <]
flx)= .
x=5 ifx=1
a continuous function?
Answer
, x+5, ifxr =1
flx)= ,
x=5 ifx=1

The given function is.
The given function f is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case I:

Ife <1, thenf(c)=c+5and lim /(x)=lim(x+5)=c+35

r—*0 T

sim f(x)= 1 (c)

Therefore, fis continuous at all points x, such that x < 1
Case II:

Ifc=1, thenf(1)=1+5=6

The left hand limit of fat x = 1'is,
lim f(x)=lim(x+5)=1+5=6

x—*l T

The right hand limit of f at x = 1 is,

lim f(x)=lim(x-5)=1=5=-4
x| |

It is observed that the left and right hand limit of f at x = 1 do not coincide.

Therefore, fis not continuous at x =1
Case III:

Ife >1, thenf(c)=c—5and lim f'(x)=lim(x-5)=¢c-5

r—*C T—*

sim f(x)=1(e)

K=

Therefore, fis continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.
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Discuss the continuity of the function f, where f is defined by

3, if0=x<1
flx)=44,ifl<x<3
5 if3<x=10
Answer
3, if0=sx<1
fx)=14, if l<x<3
5 if3=x<10

The given function is
The given function is defined at all points of the interval [0, 10].
Let c be a point in the interval [0, 10].

Case I:

If0<c<l, thenf(c)=3and lim f(x)= lim (3)=3
]im_f'[x} =_f'(c}

Therefore, fis continuous in the interval [0, 1).
Case II:

Ife =1, then /{3)=3

The left hand limit of fat x = 1 is,

lim f(x)=1im(3)=3

x—| x|

The right hand limit of fat x = 1 is,

lim f(x)=1lim(4)=4

x| =l

It is observed that the left and right hand limits of fat x = 1 do not coincide.

Therefore, f is not continuous at x = 1
Case III:

If 1< ¢ <3, thenf(c)=4 and !rlr31f{r) = {It;n(—‘] =4

s lim f(x)= £ (¢)

Therefore, fis continuous at all points of the interval (1, 3).
Case 1IV:

If ¢ =3, thenf(c)=35
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The left hand limit of fat x = 3 is,

fim /()= Jim(4)=4

The right hand limit of fat x = 3 is,

lim /()= im () =3

It is observed that the left and right hand limits of f at x = 3 do not coincide.

Therefore, fis not continuous at x = 3
Case V:

If 3<¢ <10, thenf (c)=5and lim f(x)=lim(5)=35

im 7 (x) = £ ()

Therefore, fis continuous at all points of the interval (3, 10].

Hence, fis not continuous at x =1 and x = 3

Discuss the continuity of the function f, where f is defined by

sz, if x <0
f(x)=10, ifo<x<l
“4.'-'. ifx=1
Answer
(2x, ifx<0
f(x)=40, if0<x<I
dx, ifx =1

The given function is
The given function is defined at all points of the real line.
Let c be a point on the real line.

Case I

If ¢ <0, then f(c)=2¢c
]L_irﬂ flx)= 13'111{2_1:] =2c
|]lTI flx)=r(e)

Therefore, fis continuous at all points x, such that x < 0
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Case II:
If e =0, thenf(c)=/(0)=0
The left hand limit of fat x = 0 is,
i " = i j = =
I|'r;r|1 f(x) ]Lm (2x)=2x0=0
The right hand limit of fat x = 0 is,
r/ (x)= i (0)=0
lim /()= £(0)
Therefore, fis continuous at x = 0
Case III:

fl<e<l, then_}"(x} =0and lim f(x} = Iim{[}} =1
s lim f(x) = f(¢)

Therefore, fis continuous at all points of the interval (0, 1).
Case IV:

Ife=1, then f(c)=/(1)=0

The left hand limit of fat x = 1 is,

lim /(x) = lim{0y=0

s+l ; el

The right hand limit of fat x = 1 is,

lim f(x)= ]'il'll’l(-l.k"}—’ 4x]=4

sl 1"

It is observed that the left and right hand limits of fat x = 1 do not coincide.

Therefore, fis not continuous at x = 1
Case V:

If ¢ <1, thenf(c)=4c and lim f(x)= l_in;(rix} =4d¢
s lim f(x) = f(¢)

Therefore, fis continuous at all points x, such that x > 1

Hence, fis not continuous only at x = 1

Discuss the continuity of the function f, where f is defined by
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=2 ifx=-1
fx)=12x, if —-1<x <]
12, ifx>1
Answer
=2, ifx=-1
flx)=12x if —-1<x<]
12, ifx>1

The given function fis
The given function is defined at all points of the real line.
Let ¢ be a point on the real line.

Case I:

If ¢ <—1, then f(¢)=-2 and [_ir'r‘q_f{x}: ]l_irrj_[ 2)==2

s lim £ (x)=f(c)

Therefore, fis continuous at all points x, such that x < —1
Case II:

Ife=-1, thenf(c)= f(-1)=-2

The left hand limit of fat x = -1 is,

*]_i.n? f(x) xl{rrr (=2)==2

The right hand limit of fat x = -1 is,

__Iil]?.f{x} lin}l{lx}»- 2x(-1)=-2

- lim flx)=7(-1)

Therefore, fis continuous at x = -1

Case III:

If —1<c<l, thcnf{c'] 2c

lim £ (x) = tim (2x) = 2¢

sim f(x)= fe)

Therefore, fis continuous at all points of the interval (-1, 1).
Case IV:
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Ife=1, thenf(c)=f(1)=2x1=2
The left hand limit of fat x = 1 is,
lim flx)= !i_{]ll{z.r] =2x1=2

The right hand limit of fat x = 1 is,
i /(x)=lip 22

sim f(x)=1(e)

a—xl
Therefore, fis continuous at x = 2
Case V:

If ¢ >1, thenf(c) =2 and lim £ (x) =lim(2) =2

lim £ (x)= 1 (c)

Therefore, fis continuous at all points x, such that x > 1
Thus, from the above observations, it can be concluded that f is continuous at all points

of the real line.

Find the relationship between a and b so that the function f defined by
) av+1, ifx=3
14¥)= e
hx+3, ifx=3
is continuous at x = 3.
Answer

f(x)

{m‘+ l, ifx=3
The given function fis

bre+3, ifxr=3

If fis continuous at x = 3, then
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lim £ (x) = lim £ (x)= £(3) (1)
!Eﬂ fx)= !ﬂ“ (ax+1)=3a+1

|Lnl fx)= !]_{]l (bx+3)=3h+3

:,I"li?r]l = 3(F+.| |

Therefore, from (1), we obtain
da+1=3b+3=3a+l

= 3a+1=3h+3
—=3g=3h+2

2
=a=h+=
3

a=Hh4
Therefore, the required relationship is given by,

Question 18:
For what value of “ is the function defined by
_ AMx? = 2x), ifx<0
f(ay=y )
dx+1, ifx=0

continuous at x = 0? What about continuity at x = 1?

Answer

.f'{x}:{j'(x: _Ex}. ifx<0

The given function fis dx+1, ifx>0

If fis continuous at x = 0, then
lim f(x)=lim f(x) = f(0)
. . A _ . ) _ - B
= !]T /1,{.1 H_r] 1121 {43. +1) A{ﬂ Exﬂ}
= A(0° -3><n}=4><n+1 =)
= 0 =1=10. which is not possible

Therefore, there is no value of A for which fis continuous at x = 0
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Atx =1,
F(l)=4x+1=4x1+1=5
lim(4x+1)=4x1+1=5

T—ul

~lim £ (x) = £(1)

x=wl

Therefore, for any values of A, fis continuousat x =1

Show that the function defined by g{.l‘] - I_['1"]is discontinuous at all integral point.

X .
Here [ ]denotes the greatest integer less than or equal to x.

Answer
g(x)=x-[x]

It is evident that g is defined at all integral points.

The given function is

Let n be an integer.
Then,

g(n)=n=[n]=n-n=0

The left hand limit.of fat x = n is,

fim g(x) = fim (x - []) = lim ()= lim [x] = 1~ (n-1) =1
The right hand limit of f at x = n is,

lim g(x) = fim (x=[x]) = lim (x)= lim [x]=n—n=0

It is observed that the left and right hand limits of f at x = n do not coincide.
Therefore, fis not continuous at x = n

Hence, g is discontinuous at all integral points.

f(x)=x"—sinx+5

Is the function defined by * continuous at x = p?

Answer

' . :.-‘:— 1 .-‘+5
The given function is-f(r} v —SIn A
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It is evident that f is defined at x = p

Atx=m, f(x)= f(n)=n"—sinn+5=n"-0+5=71"+5

Consider lim f(x) =lim(x —sinx+5)

AR AT

Putx=m+h
If x = m, then it is evident that h— 0

o dim f(x) = lim (x* -sinx +5)

AT N—T

=lim| (n+h) —sin(n+h)+ 5}

=it |

=lim(n+h) - !ai_lrll_‘!ISIll (m+h)+1ims

fr—sil f—i)
={:1t . l}}_ Iim[s-in weosh+ L‘U‘:S‘J'I:S[nh] 5
Jr—sl)
n° —limsin meosh— lim cos wsinh+ 35
=l Ffr—0

=" —sinmecos0—cosnsin0+ 3
=1’ —0x1-(-1)x0+%§
=71 +5

s lim f (x) = £ (r)

Therefore, the given function fis continuous at x = n

21
Discuss the continuity of the following functions.
(@) f (x) = sin x + cos x
(b) f (x) = sin x — cos x
(c) f(x) = sin x x cos x
Answer
It is known that if g and h are two continuous functions, then

g+h, g—h, and g"r’are also continuous.

It has to proved first that g (x) = sin x and h (x) = cos x are continuous functions.

Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real number.
Let c be a real number. Put x =c + h

Ifx—>c thenh—-20
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g(c)=sine

limg(x)=limsinx

N L 1o

= Lnl]] sin (¢ + Pi_}

= Iim[sin ceosh+coscsin kr]
=1

=lim(sinccosh)+lim(cosesinh)

Fr—ai f—lp
=sinccosD+coscsin
=sinc+0
=sinc¢

< limg(x)=g(c)

Therefore, g is a continuous function.

Let h (x) = cos x

It is evident that h (x) = cos x is defined for every real number.
Let ¢ be a real number. Put x = ¢+ h

Ifx—>c thenh—-0

h (c) = cosc

]_'l_[.l’_]_ hx)=1i mcos x

“I.rl} cosfe+ /)

lim [cos ¢ cosh — sinesin |
— ]irﬂ CoscCosh— ]_i r:l‘: sinesinh
=cosccos0—sinesin(
=coscx|—sinex0
=C0sC

s lim hl[xj h(c)

Therefore, h is a continuous function.

Therefore, it can be concluded that

(@) f(x) =g (x) + h (x) =sin x + cos x is a continuous function
(b) f(x) = g (x) — h (x) = sin x — cos x is a continuous function

(c) f(x) =g (x) x h (x) =sin x x cos x is a continuous function
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Discuss the continuity of the cosine, cosecant, secant and cotangent functions,
Answer

It is known that if g and h are two continuous functions, then

; h(x}
(7) 2 (%)

(i) L, g(x)# 0 is continuous

g(x)
|
h(x)

It has to be proved first that g (x) = sin x and h (x) = cos x are continuous functions.

. Z(x)# 0 is continuous

(i)

\ h{x] = 0 15 continuous

Let g (x) = sin x
It is evident that g (x) = sin x is defined for every real number.
Let ¢ be a real number. Put x =c + h
If x "*c,thenh 7?0
g(c)=sine
lTiTg[x}: Ilil‘ln sin x
=lli|}l1l.k;i|1[r +h)
= |}r1_1;r} [Hin ccosh + Coscsin hJ
= Ejr};[Hin ccogh )= lim (cosesinh)
=sinccos0+coscesind
=sin¢+0
=sinc
< limg(x)=g(c)
Therefore, g is a continuous function.
Let h (x) = cos x
It is evident that h (x) = cos x is defined for every real number.
Let c be a real number. Putx = c + h
Ifx®c thenh® 0

h(c) =cosc
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lim h(x)=limcosx

N—*C

= limcos(c+h)

fr—=ll

=lim[cosccos h—sincsin Al

Jr—sll
= limcosccos h—limsinesin b
fr—1 fe—l)
=cosccosl—sinesin()
=coscx|—=sincx(

=C0scC

s lim hl[xj h(c)

K=
Therefore, h (x) = cos x is continuous function.

It can be concluded that,

cosecx = , sinx = 0 is continuous

snx

= COSECX, X # AT [11 = Z} is continuous

Therefore, cosecant is continuous except at x = np, n 1 Z

1 . :
secx = , cosx # 015 continnous
COSX

= secx. x # (2n+l) ; (n e Z) is continuous
x= {2n+ I]—K {HEZ.]
’ 2

Therefore, secant is continuous except at =

08 Y

cotx = , sinx = 018 continuous

sinx
=colx, Xx#nm (ne Z] is continuous

Therefore, cotangent is continuous except at x = np, n iz

Question 23:

Find the points of discontinuity of f, where
sin X

S(x)=q x

x+1 ifx=0

Lifx <0
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Answer

_ Jsmx_if‘_r{ﬂ
,f (T] = X
The given function fis l.'r tl, ifx20
It is evident that f is defined at all points of the real line.
Let c be a real number.

Case I:

B gine

. " o .
If ¢ <0, then f'(c)= and lim f(x)= Iim[ s | _sme
c T

R

x ) ¢

slim f(x)= f(e)

-
Therefore, fis continuous at all points x, such that x < 0
Case II:

If o =0, T.hen_f'[c'] =c¢+1 and lim_f'{x} =lim(x+ [)=c+1

~lim £ (x)= £ (c)

Therefore, fis continuous at all points x, such that x > 0
Case III:
Ife=0, thenf(c)= f(0)=0+1=1
The left hand limit of fat x = 0.is,
lim £(x)=Tim > =1
x =i} el b
The right hand limit of fat x = 0 is,
fim 7 (x)= fim (x+1) =1
Soim f(x)=lim fx)= /(0
il f{t} x lil'f[: ] f{ ]
Therefore, fis continuous at x = 0
From the above observations, it can be concluded that fis continuous at all points of the
real line.

Thus, f has no point of discontinuity.
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Determine if f defined by
I

j'{.r}: X sm;, ifx=0

0, ifx=0
is a continuous function?
Answer

I
j'{.r}: x sm;, ifx=0

The given function fis 0, ifx=0
It is evident that f is defined at all points of the real line.
Let c be a real number.

Case I:

If c =0, thenf(c)=c"sin !
c

o 2 1Y (e 2 ) (R s T
lim £ (x)=1lim| x*sin— | = (lim x :|| lim sin — | = ¢ sin=
= K X J L X L -+ x/. '
slim f(x) = fe)

K5

Therefore, f.is continuous at all points x # 0
Case II:

If ¢ =0, thenf(0) =0
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¥—il ¥l x X

lim f(x)= lim [xz sinl] = _Ij]E[x" sin l]

) 1
It is known that, —1=sin—=1, x=0
X

bl * b
= —XT S8 — =X
X

. y . N R
= lim [—x‘] < I|m(x' sin— |=<limx”
X3l x "”.\ x § =il

= (=< Iim[x:' sin I—] <)
a0 x

ry

= lim [x: 5in lJ =0
] X

slim f(x)=0

r—ll”
Similarly, lim f(x)=lim [xlsinlw Iim| ¥ sin— | =0

' il . vl | 5
a—l) v —»i] X/ i x )/

wlim £ (x)=£(0) = lim 7 (x)

x—ail

Therefore, fis continuousat x = 0

From the above observations, it can be concluded that fis continuous at every point of

the real line.

Thus, fis a continuous function.

Question 2

Examine the continuity of f, where f is defined by

. siny—cosx,ifxr=0
flx)= .
-1 ifx=10
Answer
sinx—cosx,ifr=0

;-{x}={_l ifx =0

It is evident that f is defined at all points of the real line.

The given function fis

Let ¢ be a real number.

Case I:
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If ¢ # 0, then f'(¢) =sinc —cose

lim f(x)= |~_1r'|:|_{51n x—cosx)=sinc-cosc

sim f(x)=f(e)
N—*
Therefore, fis continuous at all points x, such that x # 0

Case II:
If ¢ =0, then f(0)=-1

lim f(x)=lim (sin x—cos.x) =sin0—cos0=0-1=-1

=)

lim f(x)= lim (sin x—cosx)=sin0—cos0=0-1=-1

x—=0"
sim f ()= lim f(x) = f£(0)
vl x=i
Therefore, fis continuous at x = 0
From the above observations, it can be concluded that fis continuous at every point of

the real line.
Thus, fis a continuous function.

Find the values of k so that the function fis continuous at the indicated point.

(kca®x .. T
= if x &2~ :
flx)= E at x = —
N . n
3, if x=—
2
Answer
kcosx .
SMr=—
__f'{x}: n—2x
J i ‘ T
3, if x=
The given function fis =
T T
r=— r=—
2 and if the value of the f

The given function fis continuous at- 2 , if fis defined at -

xX=

i
T =—
at 2

equals the limit of fat_

2|
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T
=T IL
It is evident that f is defined at 2 and =

kcosx

li =1
J.'":I:I: If(l} .'r”::? T—2x

.

T
Putx=—+h
5

Then,x »>—=h—0

2
Is
ke kc-::s| Th
lim f(x)=1lim ¢ =lim > 3
\2 /
— klin unh_kl \.mh_ﬁc I_k

Therefore, the required value of k is 6.

27
Find the values of k so that the function f is continuous at the indicated point.
. k®, ifx <2
f(x)= L atx =2
3, ifx=2
Answer
k', ifx<2

fﬂﬂ:{} ifx>2
The given function is ’ res

The given function fis continuous at x = 2, if fis defined at x = 2 and if the value of f at

x = 2 equals the limitof fat x = 2

. _ - 2 _
It is evident that f is defined at x = 2 and Y {2} B H-'} =4k
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lim 7(x)= lim /(=)= (2
= lim (k)= lim (3) = 4k

x—=r 2 x=¢2"

=kx2=3=4k

=df=3=4k
=4k =3
:;~,ff=i

4

.3
kis =
Therefore, the required value of

Question 28:
Find the values of k so that the function fis continuous at the indicated point.

_ e+, ifx=m
fx)= o atx =1
' cosx, ifx=m
Answer

_ [.h' %], ifx <h
f(x)= ]

. L cosxyif xS
The given function is :

The given function fis continuous at x = p, if fis defined at x = p and if the value of f at

x = p equals the limit of fat x = p

It is evident that f is defined at x = p and J I[rc} =+

lim f(x)=lim f(x)=f(n)
= lim (ke+1)= limcosx =kn+1

¥+ X X’

= fn+l=cosm=kn+l

= kn+l=-1=kn+l
2
= k===
M
ks ==,
Therefore, the required value of T
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Find the values of k so that the function f is continuous at the indicated point.

k41, ifx <5

x)= atx =35
fh} 3x=5, ifx=5 .
Answer
. bx+1, ifx=<5
flx)= _
3x=5 ifx=5

The given function fis
The given function fis continuous at x = 5, if fis defined at x = 5 and if the value of f at

x = 5 equals the limit of fat x = 5

5)= :"‘]" 4
It is evident that fis defined at x = 5and"r{:m]I fx+1=5k +1

lim f(x) = lim f(x)=£(5)
= lim (kx+1) = lim (3x—5) = 5k +1

= Sk+1=153=-5=5k+1
= 5k+1=10
= 5k=9
9
:’;C=7

r q
kis =
Therefore, the required value of

Find the values of a and b such that the function defined by

3, ifx=2
flx)=qax+bif2<x<10
21, ifx=10

is a continuous function.
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3, ifx<2
f(x)=1ax+b,if2<x<10
21, ifxz=10

The given function fis

It is evident that the given function f is defined at all points of the real line.
If fis a continuous function, then fis continuous at all real numbers.

In particular, fis continuous at x = 2 and x = 10

Since fis continuous at x = 2, we obtain
lim f(x)=lim f(x)=f(2)

= lim (5)= lim (ax+b)=5

=5 :-2a+.b=§

=2a+b=5 (1)
Since fis continuous at x = 10, we obtain

lim f(x)= |i1;r;|_ F(x)=r(10)

x—lil

= lim (ux+{>]: lim (21) =21

Al i—+100

= 10a+bh=21=121

= 10a+b=21 ...{.3}

On subtracting equation (1) from equation (2), we obtain
8a = 16

>a=2

By putting a = 2 in equation (1), we obtain
2x2+b=5

>4+b=5
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Therefore, the values of a and b for which fis a continuous function are 2 and 1

respectively.

Show that the function defined by f (x) = cos (x?) is a continuous function.
Answer
The given function is f (x) = cos (x?)
This function f is defined for every real number and f can be written as the composition
of two functions as,
f=goh, where g (x) = cos x and h (x) = x*
[ (goh)(x)= g[h{x}} =g(x’ )= L'Gb{..‘t"- ) = [LJJ
It has to be first proved that g (x) = cos x and h (x) = x* are continuous functions.
It is evident that g is defined for every real number.
Let ¢ be a real. number.
Then, g (c) = cos ¢
Putx=c+h
If x = ¢, then =20
]Ti_r'r:_ g(x)= |T|_|31 cosx
= !_Iilﬂcnr;[c-lhh}

=lim[cosccos i sin esin ]

e
=limcosccosh—-limsinesinh
Tfi— fr—l
=cosccosl—sinesin0
=coscxl—sinex0
=C0s5¢
.]E:l g [J.] = g{c}

Therefore, g (x) = cos x is continuous function.
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h (x) = x?
Clearly, h is defined for every real number.
Let k be a real number, then h (k) = k?

limh(x)=limx" =k

x—wk v—rk
Sdimhb(x)=)
lim /1 (x) = (k)
Therefore, h is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at ¢ and if fis continuous at g (c), then (f 0 g) is continuous at c.

f(x)=(goh)(x)=cos(x

Therefore, is a continuous function.

f(x)=|cosx

Show that the function defined by" | is a continuous function.

Answer
f'[_r x)=|cos 1|

This function f is defined for every real number and f can be written as the composition

The given function is-

of two functions as,

f=g o h, where g [:1.\, = |Yt and :"H[,r,') COs X

[ (goh)(x)= g (hl 1}] =g(cosx)= !l:'u.*sx| = f{r}]

=|x| and h(x)=cosx

X . .
It has to be first proved that g{ ] | are continuous functions.

g{x} = |'r:| can be written as

g(x) =<{_"" if x <0

x, ifx=0

Clearly, g is defined for all real numbers.
Let ¢ be a real number.

Case I:

Ife <0, theng(c)=-c and limg(x)=lim(-x)=-c

K= N—b

i (x)=2(c)
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Therefore, g is continuous at all points x, such that x < 0
Case II:

Ifc>0, theng(c)=cand limg(x)=limx=c
~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

Ife=0, theng(c)=g(0)=0

I1m glx)= I1m{ x)=0
(

]n’ng }—llm x)=0

x—=

" lim g (x)=lim (x) = g(0)

x—3ll x—»ll

Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all points.

h (x) = cos x

It is evident that h (x) = cos x is defined for every real number.
Let ¢ be a real number. Put x = ¢+ h

If x - ¢, then h— 0

h (c) = cos c

lim A(x ) = lim cos x

K=

= limgos(c -rh!

=l

= lim [mm' cosfi—sinesin Jr]

Je—ail

= limcosceos hi—limsinesinh

Jr—ll fe—l)
=cosccosl—sinesin()
=coscx|—=sincx(

=C0scC

s lim hl[xj h(c)

K=

Therefore, h (x) = cos x is a continuous function.

It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at ¢ and if fis continuous at g (c¢), then (f o g) is continuous at c.
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F(x)=(goh)(x)=g(h(x))=g(cosx)=|cos x|

Therefore, is a continuous function.

) sin x| ) .
Examine that | is a continuous function.

Answer

Let f(x)=sin|x|

This function f is defined for every real number and f can be written as the composition
of two functions as,

f=goh, Whereg{""} =|x| and /1(x) =sinx

[+ (80k)(5) = #(1(5)) = sin) =pins{ = £ (4]

g(x)=|x| and i (x)=sinx

It has to be proved first that are continuous functions.

g{x} = |‘v:| can be written as

£{r1={

Clearly, g is defined for all real numbers.

—x, ifx <0

x, ifx=0

]

Let ¢ be a real number.

Case I:

Ife <0, theng(e)=<c and lim g(x)=lim(-x)=-c

]L-iT- g(x)=g(c)
Therefore, g is continuous at all points x, such that x < 0
Case II:

Ifc>0, theng(c)=c and Iimg(_r} =limx=c¢

~limg(x)=g(c)
Therefore, g is continuous at all points x, such that x > 0

Case III:
Ife=0, theng(c)=g(0)=0
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fi £(x)= i (~x)=0
]1_21 g{m}—llm{ )=0
im (x) = g(0)

Therefore, g is continuous at x = 0

L lim g (x) = l

x—»(l —ll

From the above three observations, it can be concluded that g is continuous at all points.
h (x) = sin x

It is evident that h (x) = sin x is defined for every real number.

Let c be a real number. Put x = ¢ + k

Ifx—>c thenk—0

h (c) =sinc

h(e)=sine

1¥ir.n_ h(x) = ]:LIIJ_ sin x

= !I]HHIH{L‘ +k)

= Iim [sinccusk Fooscosin kj

= ||mfm|1 cecosk) fl]m[cﬂ‘h{ sin k)
ksl

sinccos0+cagcsin
sine+ 0
sin ¢

L limh(x)=g(c)

N=¥g
Therefore, h is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is
continuous at ¢ and if fis continuous at g (c¢), then (f o g) is continuous at c.

Therefore, [x} gof?] {h[x}_}= g{sm * |5||1 1c| is a continuous function.

=|x|[—[x+
Find all the points of discontinuity of f defined by" f( |T| |1' I

Answer

The given function is f( _|T|_|" +1
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The two functions, g and h, are defined as
g(x)=|x| and h(x)=|x+1]

Then, f=g—-h

The continuity of g and h is examined first.

2(x)=|x| can be written as
g(x) ={

Clearly, g is defined for all real numbers.

—x, ifx<0

x, ifx=0

Let ¢ be a real number.

Case I:

Ifc <0, theng(c)=—-cand limg(x)=lim(-x)= ¢

]L-iT- g(x)=g(c)

Therefore, g is continuous at all points x, such that x < 0
Case II:

Ifc>0, theng(c)=c and limg (x)=himx =¢
slimg(x)=g(c)

Therefore, g.is continuous at all points x, such that x > 0
Case III:

Ife=0, theng(c)=g(0)=0

lim g(x)=lim(-x)=0

fig £(x)= lim (x)=0

s lim g(x) = lim (x) = g(0)

x—3il : x—+il

Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all points.

hix)= |.1'+ 1| can be written as

h{x}:{_{‘r"’l}s if, x <—1

x+1, ifx=-—1

Clearly, h is defined for every real number.
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Let c be a real number.

Case I:
If ¢ <1, then hi(c)=~(c+1) and limh(x) =lim| ~(x+1) | = ~(c+1)
slimh(x)=h(c)

Therefore, h is continuous at all points x, such that x < -1

Case II:
If ¢ > 1, then h(c)=c+1and limh(x)=lim(x+1)=c+]

]11111 h{x]:h{c) |

Therefore, h is continuous at all points x, such that x > -1

Case III:
If ¢ =—1, then h(c)=h(-1)=-1+1=0

lim h(x)= lim [—{x+|)]z—{—li—]] 0

x——1 x——]
lim h(x)= lim (x+1)=(-1+1)=0
x=—1" ! x=—1" !
o lim B(x)= lim h(x) = G{=1)
31 fe——1
Therefore, h is continuous at x = —1

From the above three observations, it can be concluded that h is continuous at all points
of the real line.
g and h are continuous functions. Therefore, f = g — h is also a continuous function.

Therefore, f has no point of discontinuity.
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Exercise 5.2

Question 1:

Differentiate the functions with respect to x.

s.in(x'1 +5)

Answer

Let f (x) =sin(x"+5), u(x)=x"+5, and v(¢) =sint
Then, (vou)(x)= v{u{x]} = v{xz + 5] = tan(x: + 5) = f(x)
Thus, fis a composite of two functions.

Put¢= u[x}::r: +5
Then, we obtain

%=E[sinr] = cos = cos(x* +3)

dt d b {.?r 3 d N \ AT

= dr(r +5.) {I{T(.r }+ch_[:\];2,1+ﬂ»a 2x

Therefore, by¢hain rule. £ -9 4% cos(x’ +:'1):-c 2x = 2.1c<:tlns(.'.c2 +5)
iy, _didel

Alternate method

%[sin{x’+5ﬂ “cos(x” —ﬂ}-di{r +5)

X

—LU&(.X’ +5] EE( } {i 5}:|
=cos( ) [2x+0]
+5)

—Zruh[

Question 2:

Differentiate the functions with respect to x.

cos(sin x)
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Answer

Let f (x) = cos (sin x), u(x) =sinx, and v(f) = cost
Then, (vou)(x)=v(u(x))=v(sinx) =cos(sinx) = f(x)
Thus, fis a composite function of two functions.

Putt = u (x) = sin x

av d ) ; ,
0 [cusr] = —sinf = —sin(sinx)
dir o d .

e d—[smx} =cosx
X

di dv di o .
—=—-—=—sm[rslnx]-cusx:—{:ut‘-x&;m{rsmx_:
By chain rule, @x  df dx

Alternate method

cos(sinx) |=—sin(sinx -d sinx) = —sm(sin x):cosx = — cos xsin(sin x)
ﬁix L

Question 3:

Differentiate the functions with respect to x.

sin(ax+b)

Answer

Laetf[x}zsiﬂ{m' +b), mfx) = ax + b and v(f}=5im’
Then, (vou)(x)= v[_n{.r}] v(ax+b)=sin(ax+b)= f(x)
Thus, fis a composite function of two functions, u and v.

Putt=uXx)=ax+b

Therefore,
av  d
—=—(sint)=cost=coslax+ b
- = 7 in) (ax+b)
it d
dr _ i(ax+ bh)= i(a:r:]+—(b] =a+0=a
dr oy oy o
Hence, by chain rule, we obtain
df  dv dt

E_ Ea: cos[ax+b}-a=acc:5{ax+h]
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Alternate method

i[s{n[ax+b}]= cas[ax+£:).i[ax+h)

X ax

=cns(ax+b]-[%{ax}+i[b}:|

dlx
=cos(ax+b).(a+0)

=a Cos[ax+b}

Question 4:

Differentiate the functions with respect to x.

sec(tan(ﬁ))

Answer

Let f(x)= sec(tan d;)u[x} = Jx,v(r)=tant,and w(s) = sec's

Then, (wovou)(x) = w[v(n{.tj}] - w'_t'[u";” n'(tan \;’._r) = scc(mn J.r) - f(x)
Thus, fis a composite function of three functions, v, v, and w.
Puts=v(r)=tans and 1/= u(x) =¥

Then. t::; = -31 (secs) =secstans= ﬂcc{tun t).1an [mnr) [.‘.’ = lan f]

= sectlnn \T] tan {:mn \.T) [f = u'r; ]

%z%{tam} sec’ 1 = see’ VX

di d dl 2y 1 Lo
= xX|= x| = N

dx ci‘c(‘r) d.rL‘ ] 2 * 2Jx

Hence, by chain rule, we obtain
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dr_dwldsldf
de ds dr dx
. R 1
= sec lan-.u'{_ -tan mn\."'._ e\f{_
( X} ( T)xbL ‘{'xz‘q‘l’;

g,j_m v"_scc(tanv'x)tan[tanv'{_]
| sec” ﬂsec(tan »,I"I) tan (lan J;)
- 2x

Alternate method
[ seo{tanx) ] =sec(tan x).tan(tan Vi) (1an %)
dx - dx
= .L‘.e::[.lzm \.'r;] tan (ldn\."'_} sec” [+ x] j (VT]
_ g )

1

2 \‘"’;

—beL{tdmf—] tan (ldh\l! sec’ l\.‘{]
_'-:e-.,[mnm]] mn(lun\rr]:m l\,l'r_)

Ques

Differentiate the functions with respect to x.
sin{ax+b)

cos(ex+d)

Answer

£(x)= s:in{ax+h} _ i({r}

The given function is CDS[M‘I_ d) x)

h (x) = cos (cx + d)

o gh-gh
o f .

Consider g(x) = sin(ax+5)
Let u(x} =gx+ h.,v{f} =sin{

Then, [mu}{.\') = v(zr[x}) = v(ux+b} =sin(ax+b)= g[l}

, where g (x) = sin (ax + b) and
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~ g is a composite function of two functions, v and v.

Puts=u(x)=ax+b

av d ;.

—=—(sint)=cost=cos{ax+b

= (sin) (ax+b)

dt d d d

—=—(arx+b)=—/|ax)+—(b)=a+0=a
dx rix{ ] cir{ J dx[ ]

Therefore, by chain rule, we obtain
':J—g:ﬁ~£:{:tm[ax+h]-a:acns[w£+b)

dy dt dx
Consider h(x)=cos(cx+d)

(
Let p(x} =cx+d, q(_v} =08 ¥y

Then,(gop)(x)=q(p(x))=g(cx+d ) =cos(cx +d)=h(x)

~h is a composite function of two functions, p and g.

Puty=p(XxX)=cx+d

% a’iy{ms'r} —siny = —sin{ex+d)
Do (cesd)= 0 () r L (a)=c

Therefore, by chain rule, we obtain

h  d : ) .
W= an_ ﬂﬂ = —sm{cx+a’]><c =—¢sin (c'x+ .:F}
dv dv dx
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_ acos(ax+b)-cos(cx+d)-sin(ax+b){—csin(ex+d)]

[ms{cx+a‘]]z
:acus(ax+b}+csi"[m+b}_sm[cx+a’] I
cos(cx+d) cos(ex+d) cos(ex+d)

= acos(ax +b)sec(cx+d)+esin(ax+b)tan(cx +d )sec(ex+d)

Question 6:

Differentiate the functions with respect to x.
cosx‘isif(f)
Answer

_ o cosx‘isif(f)
The given function is .

%[cnsf -sini(x’”:sinz(x’)x»i (a:u:;.r")+uus.r': X 3: sin’? (x}‘
X ' dx - -
=sin’ (x'{)x(—ﬂinf)x d (1] FCOS X xlsin(x’]-%[sin _tﬁ:l

dx
d X £ }

U RRCI- I B D L 3 .
==S5INX SN (_‘l. )V.".'l. H25inx” cosx C0E XX i
X

—

s

=—3x"sinx’8in’ (.1‘5 )+ 2sinx’ cosa cosx -x5x”

=10x"* sin " cos x” cos ¥ = 3x” sinx sin® [x*)

Question 7:

Differentiate the functions with respect to x.

2, [cot (xj )

Answer

Page 45 of 144


http://aglasem.com

Class XII Chapter 5 - Continuity and Differentiability Maths

%[EJmt(f]}

F cot
sin(xﬁ) x —C0sSec” (r’)x i(r:}

dx

[( e x{h

\I'(C'DSI' x."rsm ¥ sinx’
—Zsﬁx
= . L] - . +
W2sinx” cosx” sinx”
—E\Ex

A 3 . 2
sinx”+/sin 2x

Question 8

Differentiate the functions with respect to x.
cus(xf{;;]
Answer
Let f'(x) = cos| \."T)
Also, let u(x)= Jx
And, v(r) = cost
Then, (vou)(x)= v{u{x}}
—v(45)
= cos/x
= f(x)
Clearly, fis a composite function of two functions, v and v, such that

t=u(x)=+x
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dt  d a1 -
Then,—=— \I'I'; =—|x? |z==x?
iy dx( ) cir{ 2.| 2

And, v _ i{cosr} =—sint
dt ot
= sin{.v";)
By using chain rule, we obtain
dt dv ot
d  dr d

:—sin{ﬂ)-;ﬁ

——Ql—ﬁsin(\f})
_ sin(v‘fJ_r]
2Jx

Alternate method

%[CO:& { \.'l.j} —sin [\;} ' :i{ x J

A X

= {
=—sin+xx—x?
2

_ —sin/x
2Vx

Question 9:
Prove that the function f given by

f{x] =|,r—l|, ve Iqt“is notdifferentiable at x = 1.

Answer

The given function isf{'x] =|'T_]|’ xeR
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It is known that a function f is differentiable at a point x = c in its domain if both
fle+h)-1lce c+h)-1le

W TEMTE) g TN =1(C)

btk h hovl h are finite and equal.

To check the differentiability of the given function at x = 1,

consider the left hand limit of fat x =1

NUDURMIEEE
1

li
LR Je—sll fr
hl =0 -
T L
Jrall h bl fy

=1

(h<0=|h=-h)

Consider the right hand limit of fatx =1

SR -r () L+h—1-[1-1
f—ll’ h h—i l|I"||

hi—0 \
= lim | = lim E—I (h ) = || = h)
fr—0" =" ‘I"||

=1

Since the left and right hand limits of fat x = 1 are not equal, f is not differentiable at x

=1

10

x)=|x|, x<3
Prove that the greatest integer function defined byf{t} [L] <x< is not
differentiable at x = 1 and x = 2.

Answer
S(x)=[x].0<x<3
It is known that a function f is differentiable at a point x = c in its domain if both

fle+h)-£(e) . Fle+h)-7(c)
h

Pae h are finite and equal.

The given function fis

lim
f=pl}

To check the differentiability of the given function at x = 1, consider the left hand limit of

fatx=1
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fen)-f(1)  [1 ;;] [1]

lim lim
s} h  hs0
-1 -1
=lim——=lim—=m

Sl ,I[f sl ;jl
Consider the right hand limit of fatx =1

g SO+R) =7 () [l+h] [1]

f—ll .r{i' "

Lo 1=1 .
=lim—=lim0=10
[ -’

Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at
x=1

To check the differentiability of the given function at x = 2, consider the left hand limit
of fatx = 2

f(2+h)-f(2) [2+h]-[2]

lim - = lim

i) fe—il B
L 1=-2 . =

= lim = lim =on

[T bl
Consider the right hand limil of / atx =1

frm)-£Q2) o [2+4]-[2]

lim =
h—ll’ h feell .'|l|'
3 ’)

=lim=—"=1lim0=0
Je—ld” fi—{)

Since the left and right hand limits of f at x = 2 are not equal, f is not differentiable at x
=2
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dy
Find dx :
2x+3v=sinx

Answer

The given relationship is

Differentiating this relationship with respect to x, we obtain

i d ;.
—(2x+3y)=—/(sinx
a,_r{ ») dx( )
d Lod
— 2x)+ 3v)=cosx
(295 (3)
::>2+3ﬂ=mmx
dx

dv
= 3—’1 =cosx—2
[

-

 dy cosx-2
Cdx 3

ﬂ
Find @ :
2x+3y=siny

Answer

The given relationship is

Differentiating this relationship with respect to x, we obtain

o

E[Zr}+ ;—i[_?_]:} = ;—i[.‘;in )

2x+3v=sinx

2x+3y=siny
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dy dy . .
=243 —cosy Y [By using chain rule]
dx dx
= 2=(cosy-3 &
(cosy=3)—
cdy 2
“dx cosy-3

Question 3:
dy
Find dv :
(X +f)}»‘2 =C0s ¥
Answer
The given relationship is ax+by" =cos y
Differentiating this relationship with respect to x, we obtain
¥l d \ i
4 (ax)+ L by =L (cosy)
L{{Y df / i

:>u+bE{_r:}:il[cusy} (1}

ﬁr( E' A dy d
Using chain rule, we obtain dx

From (1) and (2), we obtain

a+b><2v£: 51N 1£
Y s

: v
= {2.{:-_}' +5in y]% =-a

ox
cdy  —a

e 2by+siny

Question 4:

ﬁ
Find 4 :

Xy +y2 =tan x+ ¥
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Answer

The given relationship is~

Xy +_j-‘2 =tanx+y

Differentiating this relationship with respect to x, we obtain

%(-‘?H'J-‘a]:%{lmuﬂ:)

= L () + L (17) =L (1 )+ 2
:['LI‘;_;{A_ +I‘%}’ 2}’% =Se¢:x+%
= ']'"1"'1'%4‘7}’% = sec’ x +%

= (x+2y-1)—=sec’x -}

Question 5:
ﬁ
Find @ :
X +xv+ )yt =100
Answer

The given relationship is® Tt} = 100

[Using product rule and chain rule|

Differentiating this relationship with respect to x, we obtain

d ;o - d
X +xr+y )= 100
a,c{ v+ 37 . (100)

[Derivative of constant function is 0]
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:>21+[1»‘- d [x]+x-@}+2v@ =0
Todx dx T odx
:>21+1f-l+1-dv+2y@=ﬂ
’ dx dx
dy
= 2x+y+(x+2y)—=0
y+(x+2y)
cdy 2x+y
Cdx x+2y
Question 6:
@
Find @ :

X +xty+xyt +y =81

Answer

The given relationship is

[Using product rule and chain rule]

X +x'y+xy’ +y =81

Differentiating this relationship with respect to x, we obtain

%{f + X y+xy’ 4 ,1":} - ;{51}

= d [_‘r:f 1.i[x:'_1.=) }.%[_‘.‘:1-"}+ _f v}.-"

E ax

= 3x’ +[_1-—

+21y+3r1':)%+(3.r2 +2xy+_}f’)= 0

::ar{x2
dy —(3x7 + 29+ 37)
dr (:Jr2 +2.xy+3y1)

Question 7:

i
Find @ :

sin” y+cosxy=mn

j {.r2]+_rlg:]+[_v1 J
i 2

= 3x’ +|:_}f-2.1' P ﬂﬁ’i| [ |:_1': -I+I-2y-ﬁ}+3y — =1
dx dx

x+.1ci_1»"‘" +3_v2ﬁ=ﬂ
@ ()]

5
Ly _
dx
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Answer

The given relationship is 51" ¥+ 0V =T7

Differentiating this relationship with respect to x, we obtain

dg. > . o

s reosn)- (2
- %{““2 f]+%(m“}’}=£}

Using chain rule, we obtain

di[sinl y]zzsin y%{sin;) = 2zin ycns_v%

X

d N oo d N | av |
—x[cus.t}-}— —sin.xy dx{w] = —sin xy[} dr(x]+x{l& |

. ; . . di
=—sinxy| .1+ Jcﬂ = —ysinxy — xsinxy——
el dx

From (1), (2), and (3), we obtain

. Hf}-‘ . . Pk
2sin ycos y——ysinxy—xsinxy —— =
dx alx
. . dy p
_>{251n_1'mﬁ_1' .rr;uuj..r] — = ysInxy
dx
= (sin 2y —#sin xv ) === Psinay

elx
cdy wsin xy
de sin2y—xsinxy

Question 8:
&
Find @ :
sin” x+cos” y=1
Answer

. 2 L
The given relationship is sin” x+cos” y =1

(1)

Differentiating this relationship with respect to x, we obtain
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1

=3 %(sinzx] +%(c¢:}sz _y] =0

%{sin" x + cos’ _V} = E{

= Zsinx-i{sinx]+ 2cos y- d (cosy)=0
X X

. : dy
= 2sinxcosx +2cos y(-siny)-— =0
¢

= sinix—sinﬁyﬁz 0
dx

cdy sin2x

dv  sin2y

Question 9:

aj.‘

Find @ :

) .( 2x ]
¥ =sin -
’ 1+ x°

A

Answer

The given relationship is

'=sin’ .
T 1+ .1[2 J

. 2x
= §iny = .
1+ x°

Differentiating this relationship with respect to x, we obtain

IR

dx de\ 1+ x°
=5 COS Lﬁ = i( 2x‘ ] (]]
Ty ode\ 14 x°
2x u

The function, | +% | is of the form of V.

Therefore, by quotient rule, we obtain
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2 d d 2
i( 2y Jz[I+x').£{2x}—2x~£(l+x']
dx (1+x3)2

(1+x7).2—2x-[0+2x] 242004y 2(1-x7)

(I+x2)3 (1+.x‘°)2 (]+x3]2

. 2x
sin y = =
Also, I+x

— | (2« Y
= cosy=4/l=sin" y = 1—[1 rzj -
+x

(1-+2Y P
(1 ) ) :| - {3]

1+x°

-(2)

V{1+x:)3 1+x°

From (1), (2), and (3), we obtain

1+x° drx {1_;_1_:}-'

dv 2
S

de  1+x°

Question 10

av

Find dx
y=tan' x—x:\,_ ] {r{i
=) T B

Answer
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A 3x=x"
¥=1an S
1-3x"
- _:c.'!
—fany=— (1)
= 3X"
3tan L —tan® _
tan v = 3 : 3 -(2)
1-3tan’ )
It is known that, 3

Comparing equations (1) and (2), we obtain

b
x=tan i

Differentiating this relationship with respect to x, we obtain
d "
—(x)= c—t mn“]—]
dx dx 3

2 ¢
— 1 = HEL‘: i i i

3 C?&\B)

:>1=H£:3L‘:£‘1 b

"
|
=
o

dy 3 3
SR

dx 2
sec y | + tan y

Answer

The given relationship is,
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Kl_x?
_1»'=ms'L ]
1+ x°

= COS ) =

14 x°
I—tan® 2 Iy
= 2 =] -
5 ¥ -
1+ tan~ - e

On comparing L.H.S. and R.H.S. of the above relationship, we obtain
tan Y- X

Differentiating this relationship with respect to x, we obtain

cec? Y d _‘L‘] dl[x]

2 de\2) dx
1 1dy
—>scrix—;=1
2
ﬁ_ 2
dx secl‘l
2
dv 2
:’__ »
dx I—I:arf'lI
2
dy ]
Ty 1+x
dy
Find v :
. 1 I_IE
¥ =sin — |, D=x<]
l+x~
Answer

. .(1 -x ]
¥ =5 o
The given relationship is T
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! I[]_x:]
y=sin -
1+ x°

) 1-x°
= siny= =
1+ x°

Differentiating this relationship with respect to x, we obtain

4 nn)-2{175] 1)

dx 1+x°

Using chain rule, we obtain

(siny) :m.v.y-@

X a9

cosy =4/l —sin’ y =

) (l+x2}:—(1—x:): | g y? y 2%

(1+27) V(1) e

A
..E{&}m}] T -2

d1-x \'!= (t I _r2}~(_]-x:} (] ‘IEL{] | ;.,--') [Using quotient rule|
dx\ 1+x° | (I ; :r"):

_ (1+x7)(-2x)=(1 1— x')-(2x)
(1++)
_ 2% =2y = 2x42x
(1+x:]2
G :‘: ; -.(3)

From (1), (2), and (3), we obtain
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2x dv = —4x
I+ x* dr {1+x:)?

-

Li‘l:'l’ -~ -

— - 5
de  1+x°
Alternate method

= 1 ]_.’l:
V =5In 3
' (1'1'1"]

) l—x
siny= -
= 1+ x°

:>{l+_r:)$il1y:l—x:

= (1+siny)x* =1-siny
| —sin y

o

=X =—
l+sin v

( ¥ .
| CO5— —5In-
2 2 )

i

T

| S . ¥

LL‘{!S' +5In -
gl )

—gin

= |t o

)
cos”

2

¥

T
COs8 "~ +5in

2

1 —tan Y

b

= e

= x= :
|+ tan

L

W

2)

= x= tanf
4

L
Differentiating this relationship with respect to x, we obtain
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= (53]

oA 2

d 1+x

Question 13:
&
Find @ :

o 2x
V=08 —l.—l<x<]
' 1+x

Answer

A 3]
1| Dt
v =Ccos | -
1 J

The given relationship.is Y

A
2 L |

y=cos ' .
I%u” J

o B

= cosy= .
1+

Differentiating this relationship with respect to x, we obtain

i[ms}:}zi.( 2x ]

dx dv \ 1+

Wy d d 2
o VI;:(1+I')-ir[lx]—zj(-dx(]+x']

dx (1+2)

Page 61 of 144


http://aglasem.com

Maths

Class XII Chapter 5 - Continuity and Differentiability
— dy (l+x:)x2—2x-2x
= =/l —cos” y—=
dx 14 x~

(
| (]]L[)) |

E=1+x:

Question 14

dy
Find @ :
yzsin"(lu"ll x° ] - —]_ <x< IF
. V2 v
Answer
. ~ y=sin '[lrm]
lationship is ’

¥ :sin"(ixw.l'l—x:]
= siny = 2xy/1-x°

Differentiating this relationship with respect to x, we obtain
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dy d Y T dx
cosy—=2 x—[\l'rl—x‘ +4l—x" —
T odx [ e J dx |

2 ; =2 .
= 1-51'11-_;-&:2 x L =X
dx 2 \J1-x7

ol T

1 —x°

= [1-42*(1 r]‘izzl'fi]

= Ji-2v) 222 _1—2x-J

Question 15:

dy
Find @ :

Answer

v =sec '{:—]
The given relationship is 2a -1

(==
'=SEC 3
' 2x" -1
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= cosy=2x" -1
= 2x" =1+cosy

= 2x* =2¢cos

b [

— X =C05—
4

Differentiating this relationship with respect to x, we obtain
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Differentiate the following w.r.t. x:

K

€
sin X
Answer

& X

y==
Let sinx

By using the quotient rule, we obtain

dy sinx ;i (e”) - i (ﬂin x)

dx sin” x

sinx.[e"]—e" (cosx)

sin” x
¥ =
¢ [sinx—cosx
= ( — }1. Enmne L
sin” x

Differentiate the following w.r.t. x:

=moox

i
Answer

18 ! I

Let? =¢

By using the chain rule, we obtain
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ﬁfV d sin”'
e ol
:}?zesin I'T-di(:‘iil’l_l x}
X X ’

| 1

)}I.II X .
N

=@

sin ¥

e

=¥
l';: _;:in'.'r
2o xe(-L1)

dx  \f1-x°

Question 2:

Show that the function given by f(x) = e* is strictly increasing on R.

Answer

Let™ and x, be any two numbersin R.

Then, we have:
X, <x, = 2x, <2x, = e =1 (%) U (5)

Hence, fis strictly increasing on R.

Question 3:
Differentiate the following w.r.t. x:

x

(=4
Answer

i
X

Let ¥ =€

By using the chain rule, we obtain

ool sod 3 s 5 2
%:a[e* ):EJ' ~£(Ij)=€” GxT =3xe

Question 4:

Differentiate the following w.r.t. x:

sin{tan e ]
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Answer
y=sin(tan"¢")
Let

By using the chain rule, we obtain

@ = i[Sin [tan" E_“)]

e dx
=cos[tan 'e ')-%(t&n e ‘)
=cos(tan e ')-H(L_I): ;—i{ )

cns(tan"e"‘] _

e cus(lan'] e’ )

1+e ™
—e cos(mn" e"‘)

Yy
1+

Question 5:

Differentiate the following w.r.t. x:
log(cose"
Answer

Let? = Iog{u:‘m?" )

By using the chain rule, we obtain
dv

== —[Iag{cosg‘]]

de  dx

_ ! -i(ctnﬂe'T)

cose’

1 c oy i
- (e Lo
cose dx
_ —sine”

cose’

n
=" tane’,e" ;&(2n+ I}E,n =N
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Question 6:

Differentiate the following w.r.t. x:

5

e +e" +..t+e

Answer

(e’ +e" +..+e" )
dx

V)G

)+
_ ¢ {;;u%wﬂ [ ix },[ } [gai(}J

e a{ea)ofe” 30 o e xa)+ [e s

k

] 3
—e" 4+ 2xe" +3x%" +4x'e’ +5xte
Question 7:

Differentiate the following w.r.t. x:

Ve x>0

Answer

e
LetY = V¢

T

2
1T =
Then, ' =°¢

By differentiating this relationship with respect to x, we obtain
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= Erp'ﬁ —eh 4 (v‘r; ] [ By applying the chain rule|

Question 8:

Differentiate the following w.r.t. x:
log(logx).x >1

Answer

LotV = log(log x)

By using the chain rule, we obtain

dv  d :
—=—/| log| log x
o =z Llog(log )|
] d .
= —( log x)
logx dx
__1 1
logx x
o
xlog.rlx> 1

Question 9:
Differentiate the following w.r.t. x:

cos.x
X

=10
log x
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Answer

CO5.X

H

Let' - log x

By using the quotient rule, we obtain

o d
d dr{u.os;}xlogx—q.us;cx a{r[lﬂg;}

dx

(logx)

—sinxlogx—cosxx
_ X

(logx)’
—[xlog x.5inx +cos x|
X

x{lﬂgx}]

0

Question 10:

Differentiate the following w.r.t. x:
cos[logx+e‘},x =0
Answer

Let y= L‘nﬁ{lng ¥ 42" J

By using the chain rule, we obtain

% =—sin{lﬂg_‘r | *'l}':%{lﬂgr | t,.l]

= —sin {lﬁg x+e') -L;—i{log,r)+ i{r.‘}

X

= —sin (10g.r+ e" ] -(l‘+e.ﬁ.}

-~ —[lﬂ:” Wsin(lﬂgx+e”),x}'ﬂ

\.x A
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Exercise 5.5

Question 1:

Differentiate the function with respect to x.
COS X.C08 2x.C08 3x

Answer

Let v = cosx.cos 2x.cos3x

Taking logarithm on both the sides, we obtain
log vy =log {-.:ns x.cos2x.cos 31‘]

= log v =log [cus x] + Icg{cu:-; 21‘} + log (cus 3x]

Differentiating both sides with respect to x, we obtain

1 dv 1 d e . | d )
——== ——(cosx)+ ~—/(cos2x )+ ————(cos3x)
yde cosx dx cos2x dx cos3x ‘dy

av sinx sin2x d .0, sindzd
D=y ————— (20— -(31‘]

e cosx  cos2y v cosdx o

E
% = —COS X, 005 Zt,umﬁ_‘y[tanx+ 2 tan 2x +3ian 3x]

[
Quest

Differentiate the function with respect to x.

\/ (x-1)(*=2)
(x=3)(x—4)(x-5)

Answer

. J[ G0-2)

x=3)(x—4)(x-5)

Taking logarithm on both the sides, we obtain
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ogv=Ilo [x—l}{-'f—g}
e g\/{x—s}{x—*‘l(r-”

(r=1)(x- 2) ]

—.:-;I(,x -I

1
=logy= lﬂg[

= logy= %[Iog{[x— ) (x- 2)} —]0@{{.1’—3}{1—4](.1—5]}]

= log y = %[Iog[_t—l]+Iog[.x—2}—Iog[x—3)—Iog[.x—4}—log[x—5}]

Differentiating both sides with respect to x, we obtain

Rl Y -9 ey
Ldy _1fx x—1 d.x( ] (x 2)- x— S-u’t(l 3)
ydy 2 1
! - —(x-4)- —(x-5
x—4 a’v( } x=35 a’r[r }
:,ﬂ=£[ 1 . 1 - 1 __I I
de 2Lx-1 x-2 x-3 x-4 _r—ﬁJ

cdv 1 (x-D(x-2) [ A\ =T ! !
Tdx 2 (x- 3] 1—I:|{1.—3]LJu.—l QAR T—4 x-S

Ques

Differentiate the function with respect to x.

malhy

(logx)”
Answer

Lety=(logx)""

Taking logarithm on both the sides, we obtain
log y = cos x-log(log x)

Differentiating both sides with respect to x, we obtain
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}l% - i[cos x)x log(log x)+cos.xx i[lng[log 1}]
:*%%— —sinxlog(logx)+cosxx lﬂg_}f*%“%«")
= i :_v[ sinxlog(logx) 4 :;; b l}

i = (log r){ cosy —sinxlog[l@gx)}

dx xlogx

Question 4:

Differentiate the function with respect to x.

L
Answer
Let y = x* — 2%
Also, let x* = and 2™ = v
LV=u-v
dv _du dv
dc dv dr
u=x"

Taking logarithm on both the sides, we obtain
logu = xlogx

Differentiating both sides with respect to x, we obtain

Lu_ [i[r}x Iugx+.r><%|[logx}}

i dx

i |
= ——=u|Ixlogx+xx

d X
= dx —1"‘[|0 r+|}

cx &

::»g=x‘(]+]0gx}

vV = 25inx

Taking logarithm on both the sides with respect to x, we obtain
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logv=sinx-log2
Differentiating both sides with respect to x, we obtain
1 dv d
——=log2.-—(sin x
v odx ¢ dx{ ]
av
= —=vlog2cosx
[
dv ;
S cosxlog2
friy
‘ ﬁ—Jr*'{l +logx)-2"" cos xlog 2
oy
Question 5:
Differentiate the function with respect to x.
(x +3}1.(.¥+4}1.{I+5)4
Answer
Lety = (x+3) (x+4) .(x+5)
Taking logarithm on both the sides, we obtain
log y =log(x + 3_}5 +log (& + —IJ +log(x + 5]d
= log y = 2 log(ae#:3) + 3log (x +4) #4log (x +5)
Differentiating both sides with respect to x, we obtain
]—_ﬁzl- N (#%3)+3- ! --i(x+4]+4-L-i{x+5}
v odx X+ 3y ' x+4 dx x+5 dx
dy 2 3 1
===y + +
de | x+3 x+4 x+5
dy 2 3 4| 2 3 4
= —=—=|x+3) (x+4) (x+5) - + +
dx { N ] ( ] |:,'L'+3 x+4 ,~:+5}
' 2 Hax+d)x+5)+3{x+3)(x+5)+4{x+3)(x+4
LB (a3 (erd) (a5 | 2343+ A4 3) (x+4)
dx (x+3)(x+4)(x+5)

= % =(x+3)(r+4) (x45)"[2(x +9x420) 4 3(x* 4 8x+15) 4 4(x* + T+ 12) |
% =(x +3}(:¢+4}2 (x +5) (S‘x! +70x+ 133)
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Question 6:

Differentiate the function with respect to x.

[ ]T (1+1]
x4+—| +xt
.

Answer

x 1
AP

Lety=|x+—| +x+
X

i I+
Also, let u=[x+l] and v =x"
X
V=tV
:}ﬁ=ﬂ+d—v (1)
dv  de dx

Then, u = [1 +l]
x

1y
= logu = Iogfx+— |
X/

|
i,

i ] h
= logu .1'ln.g| x+—J
.

Differentiating both sides with respect to x, we obtain
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—I-ﬁ—i{x}x]og[.r+1]+ ML Iag[;ﬁl]
u dx dx x)  dx x

1 du 1 1 d I
= ——=lIxlog| x+— |+xx—c-—| x+—
w dx x [ l] dx X

X+

|
du [ 1]I [ ] [t_ﬂ
= — = x+—
dx x [ l)
X
o1 on{e+)e 2]
—=|x+—| |log
e X xi+1
@:[I-I‘-l] ,_ +log '+-1- {2)
e x x+1 5
|.1|||
v=x"
:>lugv=]ug{r ]
s
:>10gv=(l+— log x
x)

Differentiating both sides with respect to x, we obtain
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1 dv el 1 1Yy d
f—= (1+ J xlugx+[l+ ] log x
vodv | dx X x ) dx

1 dv 1 11
= ——=|—— |logx+|1+—|-—
v odx x” x,) x

1 dv logx 1 1
= ——=———t—+—
v dx X x X
dv [—logx+x+l}
==y
dx x°
.’11-1\ —_ ]
:}a‘v:x[ _Tg[x+1 jlugx] -(3)
dx x°

Therefore, from (1), (2), and (3), we obtain

dv (1Y | x* -1 1 |:"l.:[.r+1—lmg.r"
—=|x+— —+log| x+—||+x —|
dx [ x| xm+1 X 5 x /

Question 7:

Differentiate the function with respect to x.
(logx)" +x"

Answer

Lety = (logx) +x"*

AISD, let u ={jq_]g \} and ¥ - 1_|..:_.

R TES TR Y
de de dx
u = (log x)*

= logu = Iﬂg[{lug 1}}
= logu = xlog(log x)

Differentiating both sides with respect to x, we obtain
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II-' Zﬁ = ;i(x}xlng{h}gx}+x~ d [h‘lg(li}gx}]
:}ﬁ=u 1xlog(lo x)+x- o —{lnﬂx}
dx ellog log x dx
i | |
= —=(log log(logx )+
dx ( bx} g(logx) Iugt x:|
= — d =(log x)' Iog{]ng 1z:}+
elx log x
_, du i (IGE ]1 I(}g{lt1gx}-|(}gx+11
elx i log x
f; (logx)’ '[I+Iogx.log{10gx]] -(2)
y=x"E"

= ]Dg V= Iog(xll‘-E.r)
= logv =logxlog x =(log x)

Differentiating both sides with respect to x, we obtain

l ﬂ af (log Jl.} _]

v odx ch:- 5
1 dv )

= —,— =2{log x)- log x
v oy [GLL'E} {it{uhﬂ

= v _ Ev{]ngx\}-l
dx x

N @: 5 lous 1€ log x
dx x
= %: 25" log x (3)

Therefore, from (1), (2), and (3), we obtain

e (log x]r I [l +log x.log(log \"}] + 23" log x
X

Question 8:

Differentiate the function with respect to x.
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(sinx)" +sin”' Jx
Answer
Lety = (sinx)" +sin"' Jx

Also, let & =(sin x}x and v =sin "' x

Ly=u+v
o i b r
de  dv dx

U= (sin.x:}Jr

= logu = log (sin x]v
= logu = xlog(sinx)

Differentiating both sides with respect to x, we obtain

ldu d . dr
== E(x}xlog{sm x}+xxg[log|[sm.x)]
= % =u|:] -Iﬂg{ﬁin X)+x- Si|11 o i—_[rs[nx}:]
= du_ (sinx) {Mg[sinx] +—— QoS ¥
dx ) sinx
du . x .
= — = (sin¥) (xcote+logsin x) -(2)
dx
v=sin"'\x

Differentiating both sides with respect to x, we obtain

@Z;.i(ﬂf;)

dx mdx

_dv__ 1 1
de AJl1-x 2\"’;
dv |

:}Ezﬁ «(3)

Therefore, from (1), (2), and (3), we obtain

% =(sinx)" (xcotx+logsinx)+ %

2Jx—x"
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Question 9:
Differentiate the function with respect to x.

sinx

A (sinx)”
Answer

]_.Cl V= xsinx + [Sinx]um.r

EHIEY

Also, let = x"" and v = (sin _t}m"

Ly=u+v

:>Q =d—u+£ (]]
de  dx dx

3= -rb'iﬂ.t

:> ]Ogu — Iog(xsiux]
= logu =sinxlog x

Differentiating both sides with respect to x, we obtain

ldu o, . . d
——=—(sinx)-logx+ S|11x-+(]tigx)
e dx ! dx
du { 4 | J
= — = it| COSXJOg.x + 510 X -—
iy X
du sinx
= —=x""cosxlogx+ {2
d_, [ sxlog ST ] )
v={sin x}u'm

= logv=log(sinx)
= log v = cos xlog(sin x)

Differentiating both sides with respect to x, we obtain
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ldv d . d .
——=—1/cosx)xlog(sinx)+cosxx—/| log(sin x
v dx dx( } g{ ) dII: g( ]]
dv } . | d .
= ——=v|—sinx.log(sinx)+cosx- sinx
dx [ e ) sinx rix'( }}
dv . yooax . . cosx
= —=(sinx)"" | —sinxlogsinx+———cos x
fx sinx

= v _ (sinx)™" [~sin xlogsin x +cot xcos x|
A

= v _ (sinx)™" [cotxcos x—sinxlogsin x]

[x
From (1), (2), and (3), we obtain
dy sin x ) ¥ . .
@Y _ cosxlogx+——— | +(sinx)"" [cosxcot x —sin.xlogsin x]
dx x
Question 10:
Differentiate the function with respect to x.
LC0ET 1-2 + I
¥ =1
Answer
. x+1
Let y=x""%+ =
x -1
R x +1
Also, let = """ and v="—
x =1

Ly=u+v

dv  du dv

@ _du, & (1)

dy  de dx
U= I.I.l\.'l.‘lh.t

:> ]Dgu — Iog(x.'tl.'ﬂ\-.'(‘]
= logu =xcosxlogx

Differentiating both sides with respect to x, we obtain
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Ldu _d (x)-cosx-logx+x- d (cosx)-logx+xcosx- d (logx)
tdx dx ‘ & de' g alx &

du : 1
= o = 1--:-:lsx-Iogx+x-{—smx}log.x+xcosx-—
X

du KOs Y =
:‘»Ear {msxlﬁg.x—xsmxlogx+cosx]
:>@:x"“'“’“"[msx[l+I-::rgx]—.rsi11.xlug.r] -(2)
I .
X +1
V=—
x -1

—logv= Iog(x: + I)—I{}g{x: —l)
Differentiating both sides with respect to x, we obtain
ldv  2x N 2x

vae xT+1 xT—=1

dv [2:{(11—]]—2x{x:+1”

=—=V -

dx (x?+l}{x'j—lj

dv x+1 4x
= —=— x| — - -

dy  x —1 (x° + l}(.l" )

dx {\.3 L 1)
From (1), (2), and (3), we obtain
dv — . d4x
hac gLt sl l rl=1xg I — —
e X [Lnn{ ogx)=xsinx ngx]

T

Question 11:

Differentiate the function with respect to x.

1
(xcosx) +(xsinx)s
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Answer
_ !
Lety =(xcos x]‘ +(x sinx )

1
Also, let u=(xcosx) and v =(xsinx):

LV=u+v
:ﬁ:d_u+ﬁ (1)
dv  dv dx

u=(xcosx)

= logu = log(xcosx)

= logu = xlog(xcosx)

= logu = x[log x +log cos x|

= logu=xlogx+ xlogcosx

Differentiating both sides with respect to x, we obtain

i% = %{xl(}g x}+ %[I log cos .T)

g2 ) tme N NG o).
= _1.-L]ng:m le[.x)er tﬁ{l{)g:ﬂ.}}+{lﬂgﬂﬁsx Lﬁ_{_.x}+x dx(lﬂgmsx]H

= j—; (xcogx) Ulogx- ]+ x- }L}+{log cos x| +x-¢:ﬂlsx -%{msx]H
% =(xcos x)" {{logx+ij—{lugcosx+ u;:-,x -{—sinx}H
% =(xcosx)"[ (1+logx)+(logcosx—xtanx) ]

= c:; =(xcosx)"[1-xtanx+(logx +logcosx) |

= j: =(xcosx)"[1-xtan x+log(xcosx)] -(2)
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|

= {xsin x)«
1
= logv = log(xsinx)

= logv = lIlzztg{.x: sin x)
X

= logv= ]—(Iog x+logsin x)
X

= ]ogv:l—lngx+llogsinx
X X

Differentiating both sides with respect to x, we obtain

lav d[1 d |1 _
= logx |+ log(sinx
g ] de g( )}

vy delx

:,1@:',ngx,i(z]+_u%{..:.gx]ng{m_@.%(L)A.;_ww{sm 9]

v dx el | x X x x ox

ldv | 1Y 1] -
= ——=|logx:| —— |+—— log (sin (—— +—-—-— 5in.x
vide | £ [ IJ -‘f} { , % J X siny dx( }}

v 1 log{sinx
Ldv_ ]—10g.r)+[— "[ﬁ \)+ : ‘cosx}
X X SINX

vy x°

= uﬁ::{x.ﬁinx}? = -
dx b

Lidkglogi  —log (sinx)+xcot x]

L[ — — o |
. ﬁ=(15iﬂ—‘f}” |- logx |OD{?III,.‘:}+,'ECOII:|
e X

dfv ) |
== (xsinx)s »

_1—]ug(,rsinx)+.xcmx:| (

From (1), (2), and (3), we obtain

dy

xcotx+]—log[xsmx]}

= (xcosx) [1-xtan x+log(xcosx) |+ (xsinx)s { -
X

Question 12:

dy

Find ¥ of function.
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x4yt =1
Answer
x." + .vt =1

The given function is
letxY =uand y*=v

Then, the function becomes u + v =1

Sy (1)
de oy
i=x'

= logu = log(x")

= logu = ylogx

Differentiating both sides with respect to x, we obtain
1 du dy d
——=logx—4+y-—(logx
i odx € dx g dx{ ex)

:Nﬁ —u[lm T£+Jl~l:|
elx = ey X

x

= du =x' (lng X dy + 1J {2)
el \ dr  x

V :-}JI

= logv=log(y")

—logv=rxlogy

Differentiating both sides with respect to x, we obtain
I dv el i

——=logy-—(x)+x-—(logy
vody g dx{ ) fir[ ""]r)
dv 1 ay
= —=v|logy-l+x-——
dx v odx
dv x dy
=—=3"|logyv+——" |3
dx g [ oy (i'fJ [ }

From (1), (2), and (3), we obtain

Page 85 of 144


http://aglasem.com

Class XII Chapter 5 - Continuity and Differentiability

Maths

! d » ] '
¥ [l@gxl_p—]_]_‘_yl [mg},_‘_iﬁ] =0
A ¢ v dx

dx

= (g0 == 47 low3)

cdv e ytlogy

dr  x'logx+xy"!

Question 13:

i
Find 4 of function.
y=x
Answer
.

The given function is¥ =%

Taking logarithm on both the sides, we obtain
xlogy=vlogx

Differentiating both sides with respect to x, we obtain

o o : o a
logyr—(x)+x: logy)=logx - —{ v} v- log x
gy-—(x)+x-—-(logl) = logx- (V) y-—(log )

dlx dx
| dv dy |
=logy-1+Hx-— — =log xo==#7v-—
v odx dx X
= ]0g}«‘+££=—lﬂgxﬁ+l
v ox de  x

= i—lngx @ i—Iﬁg
: dx  x 4

¥
- x-vylogx ﬁzy—xlog.v
¥ lx x
L&y _y[y-xlogy
Tdy x| x—vlogx

Question 14:

aj.‘

Find € of function.
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(cosx) =(cosy)"
Answer

The given function is{msx}. :{cus_v}

Taking logarithm on both the sides, we obtain
vlogcosx = xlogcos y
Differentiating both sides, we obtain

d

Iogcosx-f+y~%(lagmsx] = Iogc::rsy%(:rﬁx-%[Iogms,v]

X

dv 1 d
= logeosx—+ y-————(cosx)=logcos y-1+x- -
dx cosx dx cos v dy
. 4 . - i I,l' y
= 1ugcus.rﬂ+ ~—(=sinx)= log cos y+—— (—sin _1-}-{-'}"
dr  cosx COs ¥ x
] v
= log cosxi — ytanx = logcos y— x tan 3 -
elx ix
dy
= {Iog Ccosx+xtan y}— vtanx+ log cos y

dx
~dv vtanx+logcosy
dx  xtany+logcosx

Question 1E
dy
Find d¥ of function.
xy =t
Answer

. JI:.'I—_'rI
The given function is ™ = €

Taking logarithm on both the sides, we obtain
log(xy)=log(e" ]

= logx+logy=(x-y)loge

= logx+logy =(x-y)xI

= logx+logy=x—v
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Differentiating both sides with respect to x, we obtain

d (logx)+ %{Ic}g v)= i{r} b

E ix dx
11l _, &
X wydx dlx
1
:>»[1+l]d'1 =l-—
¥ ) dx x
(y+1“‘qv_l—1
Ly Ja’x x
dy _y(x-1)
o x(y+l1)
Question 16:
' T+ x)( 14+ 27 )1+ ) (14 5°
Find the derivative of the function given by‘f [.x] { +"”-=] ' H ~ H ' ] and hence
ﬁnd"’r {”
Answer

f(x)=(1=2)(147) (145" ) (1+57)

The given relationship is*
Taking logarithm on both the sides, we obtain
log f(x) log_{l+_v]+lng{l+.r‘_}—log[i+x‘)+log(1+x*}

Differentiating both sides with respect to x, we obtain
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1 d . { d od _ d
_f(x)idx [.f (X)]=;xlng[l+x}+¢t lng(l+x')+dx |0g(|+xl)+d:r 1ng(1+_rs)

| d 1 ) 1 o
= — 1 4+: | 1 1
( f{ ) 1+ x (ir +T)+l+.r1 dr[ = )+]+x‘ dJL( i )+I+J|,“ a’x[ T ]
{ }[ ! —2x+ ! 4-4f+ ! . ~Hx’}
]+r +x° 1+ x 1+ x

l1+x 1+x° 14x" 14"

'._f"(.r}={]+.r}(1+x:}(l+.r*)(]+x8)[ IEE SN }
e ()=t )os ) L b L

I+1 1+ 1+ 1+
=2x2x2x2|:l+5+i+ﬁ:|
222 2
:16x[1+2+4+3]
2
—16x2 =120
2

Question 1

5+ R)( x° + 7x+9
){1 : }in three ways mentioned below

Differentiate [x
(i) By using product rule.

(i) By expanding the product to obtain a single polynomial.
(iii By logarithmic differentiation.

Do they all give the same answer?

Answer
Lety =(x° —5x+8)[x" +7x +9)
(M
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letx” —Sx+8=wandx' +Tx+9=v

Ly=uv

ﬁ% =%-v+h"% (By using product rule)

:Q:i(f —Sx+8)-(.x'1+?x+9)+(x: —5.}.,'+E§)-i(.14:3 +7x+9)
dx  dx clx

::-% =(2x—5](13 +T"Jc+9)+(:r2 —5x +8){3x3+?}

- j; =2x(x7 + Tx40)=5(x T+ )+ 27 (327 +7) =5x(3° +7) + 8(3¢7 +7)

— dy =(2x* +14x° +13.x)—5.x-‘ —35.x—45+(3x* +?xf)—15,1--" 35x +24%° +56
dx

ﬂ =5x" 20" +45x° —32x 411
dx

(i)
y= (xz ~Sx+ H](:..—R + T:r+9]

x (x] +T.r+9]—5.1‘(x" + Tx+ U] I-E{f’ + P+ 9]
5%+ 8% -+ S6x+72

5

=x" +Tx +9x" —5x" —35x°

=x = 5x +15x" = 2625 +11x+ 72
ﬂ: d [f Sxt+15x -2{}XE+H.1'+?2}
dy  dv®
d 5 < d 4 - d 3 d 3 d d
= (x5 —i 15 )=-26— 11— —(72
ci‘r(‘l } -jd:'r{x }I refl.'(‘L ) ﬁn{x[x ]+ dx . +ci1:{ ]

=5x = 5xdy  + 153" =26 2x+11x1+0
=5x" =205 +45x —52x+11

(il Y= [.r' —5x+ SJ[x" +7x +9]

Taking logarithm on both the sides, we obtain

log y = Iog{xl —5x+ 8]+ Iug,{x3 + ?x+9)

Differentiating both sides with respect to x, we obtain
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r::zzilng(xj—5x+8)+ ﬂ; Ing(x"+?x+9)
:>lﬁ:ﬁ;-i[x:—5x+8)+%-i(:¢’+?x+@]
vdy a7 =5x+8 dv N +Tx+9 dx
dv 1 1 2
= = - 2x-5)+ 3" +7
dx y[x'—SxHEx( x=5) x1’+?x+"-}¥( * )}
:>@=(x3—jx+8)(x'*+?x+9) $21_5 - ?I_Jr? }
dx T —5x+8 x +T7x+9
, (2x=5)(x' +7x+9)+ (35 +7)(x* — 5x +8
:>r’i"=(x:—51+8)(x"+?x+9) ( I - ) (‘ ]( )
dlx [x'—5x+8](x' +7x+9)
Gf]/ 3 3 2.2 . 2 |
= —=72 +Tx49)=5(x"+Tx+9)+3 —5x4+8)+T7[x" =5x+8
dxx(:x x)[xx]x(x\}{x x}
N4 =(2x* +14x7 +lEx)—Sx" ~35x—45+(3x" —15x° +2-1x2]+[?x-' ~35x+56)
dx
:>Q:5x4—20x"+4513—52x+11
fray
dv
From the above three observations, it can be concluded that all the results of dx are
same.
Question 1§
If u, v and w are functions of x, then show that
d i v W
—{H_'l-'_‘l-l'} = e VW A L — W Y, ——
dx dx dx

in two ways-first by repeated application of product rule, second by logarithmic
differentiation.

Answer

Lot VT HVWE u.(v.w)

By applying product rule, we obtain
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b _ du 1.}“; 4 (vow)
dlx r,ix.
dv  du dv aw . .
= =Wl — WY — Again applying product rule
o [ i .:.{J (Again applying p )
dv  du dv dw
o = VW — WAV —
v dx dx ey
By taking logarithm on both sides of the equation® = #** we obtain

log v =logu +logv+logw
Differentiating both sides with respect to x, we obtain
1 dv d d d

—= logu )+ logv)+ logw
ds . (ogu)+—-(logv)+—-(logw)
I_ ﬂ la’u ldx 1 @
vodx  uodx vdx wodx
Sy (Ldu, Ly 1)
dx wde vde wex)
L 11 )
c?'x wde vde wv)
Cdy  du dv dw

Sy e s Y WA U WA 1V
de  dx dx 'y
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Exercise 5.6

Question 1:

If x and y are connected parametrically by the equation, without eliminating the
dy

parameter, find dx |

x=2at’, y=ar'

Answer

The given equations are™ = 2at” and y = ar’

'I'hen,ﬁ = i(lmz}: 2&-%{:‘): 2a-2r =4dat

di o dt
dy _dy oy Ay s g
df—{ﬁ{ar)—a df{!) a-4-1* = dat

-

dy
dy [dr _4a:-‘_f:

Uy /c.{r]  dat
\ el

Ques

If x and y are connected parametrically by the equation, without eliminating the
.fl'fl'

parameter, find &%

X=acosb,y=>bcosb

Answer

The given equations are x = acos 8 and y = b cos 0

Then, 4% = %[a cos)=a(-sin@)=—-asinf

dd d
W _ 4 c0s0)=b(-sin0) = -bsin®
40~ do

dy\‘
Cdy [a’ﬂ, _ —bsint! _ b
"dr_[car“]_—asine_a
de )
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If x and y are connected parametrically by the equation, without eliminating the
4

parameter, find dx

X =sint, y = cos 2t

Answer

The given equations are x = sin t and y = cos 2t

- e d, .

I'hen, —=—[s1n.f]=::us.'
dr i

v

e ‘—:;[ccrs 2t)=—sin2t -;—‘:{2;] = —25in 2

db
cdyv \dr) -2sin2t -2.2sinfcost

=—4sint

" dx [uirj_ cost cost
ol

If x and y are connected parametrically by the equation, without eliminating the

ay
parameter, find dx |
4
x=41 y=-
I
Answer
4
x=4f and y=—
The given equations are l
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dﬂ:i(4r]:4
ot
20 te()
o la) [2) 4
dx afr] 4 s
Feld

Question 5:

If x and y are connected parametrically by the equation, without eliminating the
A4

parameter, find dx |

r=cosf—cos2d, y =sinf —sin 20

Answer

The given equations are™ cos @ —eos 28 andy-=sing¢ —sin 26/

Then, de_d (cosé@ L'0539}= i(ﬂﬂﬁﬁ}—iff'tlﬁzﬁ}
de dd da di
= —sin@h=(-25in20) = 25in26 - sin ¢
d_d (sin & —sin 26) = - (sing) --»ﬁ-(sinze}
dg  do de dao

=cos& —2eos 20

dy
. :{v_(dﬂ)_msﬁ' Zeos 28
o _(dx]_ 2sin 260 —sind
| d&

Question 6:

If x and y are connected parametrically by the equation, without eliminating the
i

parameter, find dr |

x=a(@-sind), y=a(l+cosd)
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Answer

x=a(f—-sin@) and y = a(l+cos@)

The given equations are

Than,% = d[%(ﬁ’]—;—fg[sm '9}} =a(l-cosd)
%:a_%{l}+;—g[cosﬂ}]=a[ﬂ*-{—ﬁing}]:_‘“Si“'g
dy 96 g & a
) o e S
dx E] a(l-cosd) 75in3E Sil'lE .
de 2 2

Question 7:

If x and y are connected parametrically by the equation, without eliminating the

dy
parameter, find dx |
sin’ t a cos’

Xr= . J.- = T
v.,l'lt:us 2t veos 2t

Answer
sin'd : cos't
xS afjd y =
. . feas? Jeos?
The given equations are . VC0s2f cos 2t
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dy  d in't

Then,—=— sy
dt  dt| \Jeos2t

di. . d

u"::uszr-—(sur 1)—5m3£-—~.n'c:052!
_ dt dt
cos 2t

) d 1 o
Jeos2r-3sin’ 1 (sint)—sin” 1x— —— .~ (cos 2t
_ dr{ } 2+Jcos 2t d".‘( ]

cos 2t

=%
) sin’ 1 X
3Veos 2t -sin® feost ————— (=2sin 2t
_ 2cos2s ( )

cos 2t
~ 3cos2ssin’ fcost+sin’ fsin 2
C0s 26-/cos 2t
dy d| cos't
dt  dt| Jcos2t
d 3 i L"Jr I~
_#cusm,a(cus r}—ms E‘d: (-\fmst)
cos 2f
Jeos 2t 3cos’ i - d (eost)—cos’s. \ e (cos2r)
_ t 2 Jeos 2t dt
cos 2¢
3Jcos2r.cos’ 1(—sins)—cos’ 1= l=.[—25in 2r)
_ 2\Jcos 2t
cos 2t

_ —3cos2r.cos’ .sint +cos’ (sin2t
cos2t-+Jcos 2t
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cy
cdy \dt) -3cos2icos’rsing +cos’isin2

Cdx [uﬁr] 3cos 2t sin’ 1 cost +sin’ 1sin 2
i

~3cos 21,cos” f.sinf +cos” 1(2sinf cost)

3cos2isin’ fcost +sin’ (2sint cost)

sind cosf [—3005 2¢ cost + 2 cos’ f]

sint cnsr[i’rms 2t sint +2sin” r]
[—3[2::05: t~1)cost +2cos’ :] cos 21 =(2cos’ 1 1),

[S[I—Esin2 r]sin|r+25i|13.'] cos 21 = (1=2sin’ 1)

—~deos’ f +3cost
3sins — 4sin’ 7

— o83 cos 3t =4cos’ 1= 3cost,
sin 3¢ sin 3 = 3sin? —4sin’ ¢
=—cot3

Question 8

If x and y are connected parametrically by the equation, without eliminating the
ay

parameter, find < .

P _
x =a[cosr+logran: | Vv =asint

Answer

t .
x= u(msr +1ogtan—] and y = asint
The given equations are 2

Page 98 of 144


http://aglasem.com

Class XII Chapter 5 - Continuity and Differentiability Maths
dx d { {
Then, = =a.| < (cost)+--| logtan -
dl dr di 2
. d t
={|—sInf+ o tan;
tan d
L 2
[ t .t d [r H
= | =8inf 4+ cot —-8ec” —-
2 2 dr\ 2
[ . v Ir
. cos | i
=¢a|—sini+ = n—
. 22
5In Cos
L 2 2
=g|—sinf+———
.0 i
2sin— cos
L 2 2]

. I
=d| —s5ni+—-
sing

|(—5in r+11]
= ‘

L SN { J
o
= (i
sint
. d.8 .
ﬂ=a—{sm.rj a Cosl
ddf el

aj""u
_af}'_[dfj_ acost  sint
”E_[rit‘)__ cos’t | cost
dt [a sin{ ]

Question 9:

=tanf

If x and y are connected parametrically by the equation, without eliminating the

dy
parameter, find dx |

x=asecfl, y=bhtan(
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Answer

The given equations are™ ~ 95¢¢ ¢) and y = btan &

cx d
Then, — =a-——(sec#)=asecHtané
di dd

, d .
i=b-—(lanﬂ)=bsec‘ﬂ
b [v) da
()
I_Iﬂfvz dé ) _ bsec O =bsec€mt€= bmst? =i:-\l'< .I =b-.:me-::€
dx [dx] asecftand a acosfsing a sinf o
di

Question 10:

If x and y are connected parametrically by the equation, without eliminating the
4

parameter, find dx |

x=a(cosf+0sind), y = a(sind—Beos @)

Answer

2 08 sih @) , G
The given equations are™ a(cos@+0sind) and y = a(sin@— G cos )

Then, L =g d cos @4 »d-r-—{f?ﬂin r’)}J=a —gind + ﬂi[sin 0]+siﬂ{?i{ﬂ}:|
do T | de o | e 6
= al|=sin@+ 6 cosd+sind) = adcos &
b_, i{:sjmf,ﬂ]n— d (Bcosd) | =a cns&—{ﬁ'i[cnsﬂﬁmsﬂi{ﬂ}}
dd ad dd dad dd

=alcos @ +0sind —cos 0|

=aflsin @
(o)
cdv \d@) ablsind
o= = = tan #
dx [dx] af cos
de
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Question 11:

x=+a™ "', y=+a* *, show that %= L
If

X

Answer

The given equations are™ Z\’{ﬂ'— and y = \."a—
X = ‘J{F and _V = \IIIF

—' :[a‘i” r); iﬂ'ld;]fz(ﬂcm r);

| I 1 1
g Sons

= x=al and y = a’

[
s

Consider x = a*

Taking logarithm on both the sides. we obtain

|
lug.r=;sm tloga
I e |1
So—r—=—loga-
x di 2
de  x
= —==loga-———
¢ 2 V-1’
dx  xloga

dt 2Jj- ¢

d.
n?.r(sm ‘f)

) g f
Then, considery = a*

Taking logarithm on both the sides, we obtain

L
log y = 5 cos” floga

,'.l-d—yzllogm%(cos '.')

v ode 2
:}afy:_ylugal -1

dt 2 1=t
:}ufy:—_];loga

di - 21-1°
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[ | [—1'{1}__0‘]
Lff}_ ‘q[— _ ¥

ffrl [f!‘l | ( x[uga A JCF
\dt ) -\2'\."'] —E':J

Hence, proved.
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Exercise 5.7

Question 1:

Find the second order derivatives of the function.

4+3x+2

Answer

LetV =X +3x+2

Then,

ﬁ:i : i}a ij=2. T4 =2v4+3
o a’x(x ]+ﬁﬂr{‘l)+u’x( )=2x4340=2x+"
‘dl'}’:i"} ":i"’ i;:"} {J:j

“nrx_" dx(_x+'}) dx{_x}-i-d_r{‘] <+ =

Question 2:

Find the second order derivatives of the function.

2l
x_li
Answer

LetY =%
Then,

dx E

rod oy Ay
@ (,r‘ ) =20x

[zu.x-"‘) = zui(x"*) =20-19-x" = 380x"

dy_d
dv’ dv oy

Question 3:

Find the second order derivatives of the function.
X-COSX

Answer

LetV = ¥-COSX

Then,
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dv

) de®  dyx

= —sinx —[sin A'~;—i(,x']+

=—sinx—(sinx+xcosx)

= —(xcosx+2sinx)

Question 4:

- %{l -C05 X) = cOs X ";_i{x}J"r;_i{m”) =cosx-l+x(—sinx)=cosx—xsinx
- i[cus x—xsinx|= ;—i{cus x}—%{x sin x)

x -Z—I(sin.\‘}}

X

Find the second order derivatives of the function.

log x

Answer

Let I1'1= .log.x

Then,

dv d 1
— =—(logx)=—
dx dx{ g } X
cdy d{1) -
Cde dx -\_xJ o

Question 5;

Find the second order derivatives of the function.

x' log x
Answer

3 }
LetV =¥ log x

Then,
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& _ di[xj ]ugx] = Iugx-%(f)ﬂ' x '%““EI]

de  dx
. ] L
=logx-3x" +x - —=logx-3x" +x°
X

=x"(1+3logx)
cdy _dr o,
R Ry [x (1 +3lngx]]

=(1+ 3lug_r)-%(x3 } +x° i[l +3logx)

v
5 3
=(1+3logx)-2x+x"- =
X
=2x+b6xlogx+3x

=5x+b6xlogx
=x(5+6logx)

Question 6:

Find the second order derivatives of the function.
" sinSx
Answer

Lety =€ sindx

jx = i (E’T sin S_T} =5in ﬁ.'r-gx (E‘r] +e" ;’T I:sin SI]
=ginSx-¢" +e"-cosSx '%(SJ] =e"sindx+e" cosSxy-5
=" (sin3x+ 5cos Sx}
{;;J; = ;r[e'* (sin 5x + Scos 51]]

={sin51+5m55x}-;(e'}+e" -;x[sin51+5msﬁx}

=(sin35x+5cos5x)e’ +e* [cosﬁx- j—r{ix}+5 (—sin5x)- %{Sx]}

=e"(sin Sx+ 5cos5x)+e* (5cos Sx - 25sin 5x)

Then, =e"(10cos5x—24sinSx) = 2¢" (Scos Sx —12sin5x)
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Question 7:
Find the second order derivatives of the function.

" cos3x
Answer

— O .
LetV =€ cos3x

Then,
j'; :x[e“-cas}x) cﬂst-dx(e""]+e‘“~;(msix]
cos3x-e™ -%{ﬁx] +e™ - (—sin3x)- %[lx}
6e™ cos3x —3e™ sin3x (1)
jr"' - ;‘; (6e* cos3x —3¢™ sin3x) = 6- jr (€% cos3x)-3- ;‘: (e sin3x)
= 6-[ 6¢* cos3x—3¢" sin E,r]—j‘r-_sin 3.1:.%(3’“ )+e® -%fsin 3x }__ [ Using (1)]

36e™ cosdx —18¢™ sindx— 3[sin I etib 4" +c0s3x-3 |
16e™ cos3x — 18" sin 3x — 18 8in 3x — 9™ cos3x
27" gos Ine 362" sin 3x

=G5 (3 cos3x —4sin ?ﬁ.r]

Question 8:
Find the second order derivatives of the function.

tan” x
Answer

. -1
Let ! =tan x

Then,
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L ftan )=

dx I+x°
dy df 1\ dg .y S d,
,'.ﬁ=a[m]=a(l+x‘) I =[—])'(]+X2) ‘E(]'l'.,‘f']
-1 -2x

=72><2x =
(I+x:] (I+x’)

Question 9:
Find the second order derivatives of the function.

log(log x)
Answer

Lo tL—ng (logx)

Then,

Y _ i[log{log .r}]

— i_ oy B
“ (b1 )

d
—(log x ) =
logx dx xlogx

%:%[ ‘log x) :| ( 1)- |Dg.1'\j':-%{x |ug_1'}

_ I
——1? - [Iog X (x)+ x~i{ Imgx}}
(xlog x) dx ox

:_—] lowv-1+ x- —{l+—|ﬂgx:|
2
(xlogx) x| (xlogx)

Question 10:

Find the second order derivatives of the function.
sin(log x)

Answer

Let? = sin (log x)

Then,
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% = %[sin (log x}] = cos(log x}-%(log x)= cos(logx)

X

X [cus{logx]] —cos(log x)- i (x)

o

X

B =

_1' .

—sin(log x)- i[lng x}] ~cos(log x).1

|
- 1

2

o

~xsin [Iugx).l ~ cos(log x)
x

x

~[ sin(logx) + cos(logx) |

i

Question 11:
dﬁﬂ

e
, prove that drt

1§y =3cosx—3sinx

Answer
It is given that, ' ~ JCO8 r—3sinX

Then,
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dy d . d ) 7 [
— = —(5cosx)——(3sinx)=5—(cosx)-3—(s
iy dx( ( Y) dx( I x} u’x(L x} dx[\’mx]

=5(-sinx)-3cosx =—(5sinx+3cosx)

% Z%[—[Ssinx+3cnsx]]
= _[S-J—i[sin x]+3-%{{:05x]}
- —[Scosx+ 3(—sin r]]
=—[5cosx—3sinx]
-y

.:%+}f‘=ﬂ

Hence, proved.

Question 12:
d’y
3= -1 .z
If Y = €05 % find d¢ in terms of y alone.

Answer

o, U
It is given that, . R

Then,
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-1 -

== - A1)
dx (I _x:)-
V=008 X=X =C0sy
Putting x = cos ¥ in equation (1), we obtain

d’y  —cosy
T T 3
dx "u'l[] —cc:sly)
d’y  —cosy
Tae :
\/(:-;[n: _1']|
_ —cosg
sin’ v
_Ceosy 1
sin y.sin’ v
= = =_cot y-cosec’ y
c,i:rz & -}.
Question 13:
= 3cas{|ogx}+4sm{lngx}, chow that ¥ ¥+ +y=0
Answer

It is given that,” = 3cos(logx)+4sin(logx)

Then,
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M= 3‘%['305 (log x}] + 4-%[3in(lug x}]

= 3-[—$in{lug x)-%{]og x}]+ 4-[ms{lngx]-%(lng x}}

- -3sin(logx) . 4cos(logx) 4cos(logx)-3sin(logx)
3 I - —
x x x

. =i[4ms{lngx)—35in{lngx)J

T x

) x{4cos(logx) - 3sin(log x)} - {4cos(log x) - 3sin (log x)}(x)

5

X

x 4{ms{logx}}r—S{Sin{]c}gx}}’]-{4cus[]0g:r] 3sin(logx)} 1

x3

x| —4sin (log x).(log x) —3cos(log r) (log .r}l-‘ —4cos(logx)+3sin(logx)

x2

r[-alsin{lagr). : 3cos(logx). 1—] dcos(logx) + 3sin(log x)
x X

.
_ —4sin(logx) - 3cos (log x) - 4cas (log x)+3sin(logx)

- %

_ —sinflog x)—7cos(log x)

"
Xy Y

L (—sin(log x)— T cos(] —3si
=x_[ sin( ugr}xz m{ugx}]ﬂ[%us{laﬁﬂ Jsm(lagx}]+3ms{logx}+4sin(Iﬂgx]

x
= —sin(log x)—7cos(log x) + 4 cos(log x)—3sin (log x) + 3 cos(log x) + 4sin (log x)
=0

Hence, proved.

Question 14:

d’y dy
= 4™ 4 B F_ m+n};+mny:0
If *show that &% X
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Answer

It is given that, ¥ = A¢~ +Be

Then,

aj" — d LT d ey [ d ey d . LT T
E—A-E(e )+B-£[e )—A-e .E(mxﬁﬂ-e ~£(m')—ﬁme + Bne

= %(fime”u+3ne“): Am.%(fﬂu)_l_gn_%(em)

= Am-e"™ - i[max:l+ Bn-e™ i{nx] = Am’e™ + Bn'e
clx dx

d’y

-

—[m+n}£+nmy
elx

= Am’e™ + Bn'e"™ — {m + n] : (Ame“' + Brne™ )+ mn { Ae™ + Be™ )
= Am’e™ + Bn*e™ — Am*e™ — Bmne™ — Amne™ — Bn’e™ + Amne™ + Bmne"™
=0

Hence, proved.

Question 15:
) ) & W,
17y =500e™ + 600" opoy that P
Answer

L= ﬂ?: . Tx
It is given that,’ = 500e ™+ 600

Then,
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Y 500 (e7)+600.L(e7)

dr dx dx
=500-¢™ -i(?x]+f.uu~e ” ~i(—7x}
e dr
=3500e™ — 42007
L dy d

S
= 3500-—(e7) = 4200.—(e ™)

- _— —
=3500-¢"", —(Tx)—4200-¢"" - —(-T:
c .r( x} ¢ a’x{ T}

=T7%3500-” + 7% 4200-¢ 7"
= 49%500e™" + 49 % 600e 7"

= 49(500¢™ +600e ™)
=49y

Hence, proved.

Question 16:
dy i \
P (x+1)=1 2 | W
1 (x+1) , show that @\ &/
Answer
b 1
The given relationship S\ {x+l]
e’ (x+1)=1
. 1
=g = —
x+1

Taking logarithm on both the sides, we obtain

y=log

]
{1‘+1}

Differentiating this relationship with respect to x, we obtain
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T e

Hence, proved.

Question 17:

el
| F

Ify=(tan' X (x2 +I]2 Vs +2r(.1-3 +1)y, =2

) , show that

Answer

=(tan" ¥
The given relationship is'l E )
Then,

¥, =2tan .r%{lm] .1.']

=y, =2tan x.

I+ x°
::-{|+xl]y; =2tan™ x

Again differentiating with respect to x on both the sides. we obtain

(|+xl]y1+2_xyl =2[ : ,]

1+ x°

= {I + 11]2 v, + Z_r{l +x° }_v, =2

Hence, proved.
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(x)=x"+2x-8 ,xe[-4,
Verify Rolle’s Theorem for the function"f{T] vAaN-s YE[ 42]

Answer

The given function,j [Y) =X H2x-8
2] and is differentiable in (-4, 2).
F(-4)=(-4) +2x(-4)-8=16-8-8=0

.f{2]={2}2+2x2—3=4+4—3={:

, being a polynomial function, is continuous in [—4,

~f(-4)=f2)=0

= The value of f (x) at —4 and 2 coincides.

f'(c)=0

Rolle’s Theorem states that there is a point c € (-4, 2) such that"

f(x)=x"+2x-8

= f'(x)=2x+2

S e)=0

=2c+2=0

= =—1, where ¢ =—1 F{—d,l)

Hence, Rolle’s Theorem is verified for the given function.
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Examine if Rolle’s Theorem is applicable to any of the following functions. Can you say

some thing about the converse of Rolle’s Theorem from these examples?
0 S (x)=[x] forxe[5, 9]

f(x)=[x] forxe[-2, 2]
(i) fx)=x"-1forxell, 2]

Answer

(i)

,r":[a. b] - R

By Rolle’s Theorem, for a function® if

(a) fis continuous on [a, b]
(b) fis differentiable on (a, b)
(c) f(a) =f(b)

File)=0

then, there exists some c € (a, b) such that -

Therefore, Rolle’s Theorem is not applicable to those functions that do not satisfy any of

the three conditions of the hypothesis.
- f(x)=[x] forxe[5, 9
i 7 () =[x] forxe[5,9]
It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x =9

= f (x) is not continuous in [5, 9].

AIHU,_}"{E}I = [5] =5 and_f{‘?ﬂ] = [9] =9
= f(5)= £(9)
The differentiability of fin (5, 9) is checked as follows.
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Let n be an integer such that n € (5, 9).

The left hand limit of /" at x = n is.

A Gt S GO () bl ) DR B -1

= lim =
=il h =l h fy—ll II'I Tr—il Iﬁ

The right hand limit of / at x = n is,
. fin+h)—fn o An+h|=|n , - ,
]1m"( } '“: }=I|n1[ ] I]:hmM “:hm[}:ﬂ
fi—s ¥ h [ h bl fp sl
Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~fis not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s
Theorem.

Hence, Rolle’s Theorem is not applicable for"f.{'rj] :[,'c] forxe[i, (J].

(i) f(x)=[*}for x &[-2, 2]
It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [—-2, 2].

Also, f{—?} = [—2] ==2 and_f{Z} = [2] =2
.‘.f{-?)if[l]
The differentiability of fin (=2, 2) is checked as follows.

Page 117 of 144


http://aglasem.com

Class XII Chapter 5 - Continuity and Differentiability Maths

Let n be an integer such that n € (-2, 2).

The left hand limit of /" at x = n is.

(n+h)— + h|- ~1- -
A Gt S O AL ol P o o s B
=il h =l h fy—ll II'I Tr—il Iﬁ

The right hand limit of / at x = n is,

e f (n+h}—_,{ (n}: e [rz+h]—lrz] tim ™ i 0=0
fi—s ¥ h [ h bl fp sl

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~fis not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s

Theorem.

Hence, Rolle’s Theorem is not applicable for"f {x}:[,'c] for x E[_z’ 2].

(i) S(x)=¥=1 forge[l, 2]

It is evident that f, being a polynomial function, is continuous in [1, 2] and is
differentiable in (1, 2).

F)=(1y ~1=0

~fF (1) = (2)

It is observed that f does not satisfy a condition of the hypothesis of Rolle’s Theorem.
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Hence, Rolle’s Theorem is not applicable forf(ﬂ =x —lorx C[]’ 2].

If / :[_5‘5]_} R is a differentiable function and if / {-IJdoes not vanish anywhere, then

f(=5)= 1(5)

prove that .

Answer

/i[-55]>R is a differentiable function.

It is given that
Since every differentiable function is a continuous function, we obtain
(a) fis continuous on [-5, 5].

(b) fis differentiable on (-5, 5).

Therefore, by the Mean Value Theorem, there exists ¢ € (=5, 5) such that

o f(5)-f(=5)
f'le)= W
=10f"(c) 2 1(5)- 1(+5)
It is also given that I(T] does not vanish anywhere.
S e)=0
=10f"(c)=0

= f(5)- f(-5)=0
= [(5)# /(-3)

Hence, proved.

(xY=x" —d4x— b
Verify Mean Value Theorem, if / {Yj v ’ 3in the interval[u’ ], where

a=lagngb=4,
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Answer

The given function isf [Tj =x —4x-3

f, being a polynomial function, is continuous in [1, 4] and is differentiable in (1, 4)
whose derivative is 2x — 4.

.f{]]:]: _4X]_3=_{’~.f{4}=42—4x4_3=_3

S(b)=f(a) _ 1 (4)-1(1) _ 3-(=6) _

=" =]
b—a 41 3

o | tud

. . le)=1
Mean Value Theorem states that there is a point c € (1, 4) such that"r (e)

f'e)=1
= 2e—4=]

, where {'=%E(L 4)

il

=c=

2 |

Hence, Mean Value Theorem is verified for the given function.

-

f(x)=x'—5x" -3x

Verify Mean Value Theorem, if* *

ce(l.3) f'le)=0

"for which -

in the interval [a, b], wherea = 1 and

b = 3. Find all

Answer

x)=x"—5x" -3
The given function fisf{r} v —oxT —ax

f, being a polynomial function, is continuous in [1, 3] and is differentiable in (1, 3)
whose derivative is 3x* — 10x — 3.

F()=1=5x1"=3x1==7, f(3)=3"-5%x3"-3x3=-27
FB)-1(a)_FO)-1()_27-(-7)
N h—a i-1 3-1

10
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Mean Value Theorem states that there exist a point ¢ € (1, 3) such that f'(e)=-10
f'(e)=-10
=3¢ =10c-3=10
=3 -10c+7=0
=3¢’ —3¢c—-Te+T7=0
=3c(c-1)-T(c-1)=0
=(c-1)(3c-7)=0

7 T .
=c=1, —, wherec=—¢e(l, 3)

3 3

o=~ (1, 3)

Hence, Mean Value Theorem is verified for the given function and 3 is the

Me)=0
only point for which /e

Examine the applicability of Mean Value Theorem for all three functions given in the
above exercise 2.

Answer

Mean Value Theorem states that for a function / :[”' b] —R , if
(a) fis continuous on [a, b]
(b) fis differentiable on (a, b)

ey L (0)=1(a)

then, there exists some c € (a, b) such that b-a

Therefore, Mean Value Theorem is not applicable to those functions that do not satisfy

any of the two conditions of the hypothesis.
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() S (x)=[x] forxe[5, 9]
It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x =9

= f (x) is not continuous in [5, 9].

The differentiability of fin (5, 9) is checked as follows.

Let n be an integer such that n € (5, 9).

The left hand limit of /" at x = n is;
\n+h)—1(n n+ h|— ; :

lim /1 ) f{ J: lim [ : II [ﬁ] = Iim; = [im =

Fr—wl¥ h [ Y] .;'3 Fr—n) h W — i) |l!l|l

The right hand limit of /* at x = is,
fn+h)—f(n) _ Iu—fr-]—tzl

n

—lim " = lim0=0

stk =)

lim
By b -l

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~fis not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.

S(x)=[x] forxe[s, ‘)].

Hence, Mean Value Theorem is not applicable for
(i) f(x)=[x] forxe[-2, 2]

It is evident that the given function f (x) is not continuous at every integral point.
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In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [-2, 2].

The differentiability of fin (=2, 2) is checked as follows.

Let n be an integer such that n € (-2, 2).

The left hand limit of /" at x = n is.

' fr)— hl|— 1 } -
A )t O B ) e O O s
=l h f1—ll h =) ,l';l =il j'?
The right hand limit of / at x = n 18,

lim f(n+h)-1(n) = lim I”_h_]_[”—] = lim HT
- n

n : )
-=lim 0 =10
f—s ik 1 f—}

H— ¥
Since the left and right hand limits of fat x = n are not equal, fis not differentiable at x

=n

~fis not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.

f(x)=[x] forxe[-2, 2].

Hence, Mean Value Theorem is not applicable for
(i) fx)=x"-1forxell, 2]

It is evident that f, being a polynomial function, is continuous in [1, 2] and is
differentiable in (1, 2).

It is observed that f satisfies all the conditions of the hypothesis of Mean Value Theorem.
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Hence, Mean Value Theorem is applicable forf(x}: ¥ —lorx E[]’ 2].
It can be proved as follows.

f()=r-1=0, f(2)=2"-1=3

CSB)=Sla) _f(2)-/(1) 3-0

= =3
h—a 2-1 1
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Miscellaneous Solutions

Question 1:
(3x* ~9x+5)
Answer

- 9
Lety = (3x" —9x+5)

Using chain rule, we obtain

dv_d

= L (3x* ~9x+5)

£

[ X —9x+35 [ x —9x+5]

]

)
=9(3x* *;nﬁs]'s 6x-9
(31: —9x+"'r] 2): 3}

= {:x —‘}'x+5) (2x-3)

Question

r 3 b
51N X+ COs X
Answer

Let y =sin’ x4 cos” x

v da
e [sm 1]+Lh{u‘-.~. x]

= 3sin’ x-%(sinxhﬁcass x- i{u::::-sac]‘p
=3sin” x-cosx+6c0s” x-(—sinx)

=3sin xmsx{sinx— 2cos’ x}

Question 3:
{Sx}ﬁulmlt

Answer
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Lj:[ y= {Sx}]un\-! r

Taking logarithm on both the sides, we obtain

log y=3cos2xlog5x

Differentiating both sides with respect to x, we obtain

;_ - 3[Iggﬁx ~%[CGR 2x)+cos2x -%[Iog Sx}}

dy I d 1 d
= —=3y| log5x(—sin2x). —(2x)+cos2x-— —(5x

e | g5x( )cix( ) 5x :ir[ ]}
:}£=3_}‘ —25i112xlug5x+m52x}

dx L X

: [cos?

:}ﬂ:}_}: Jms‘x—ﬁsinlxlngﬁx}

dx . X

-

—6Hsin2xlog 5x

i {Sx}.’lcus!x|:.)£‘052,\‘

X

Question 4:

sin”’ (-T ‘JJ'I) 0<xx<]
Answer

Let y =sin l(_r \.TJ

Using chain rule, we obtain

Page 126 of 144


http://aglasem.com

Maths

Class XII Chapter 5 - Continuity and Differentiability
dy .
= = sin”’ (x x)
tf\f J
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X
cos
2

Lety= =

J2x4+7

By quotient rule, we obtain

V2x+7 d [cus" ;]—(ms" ;]i(m)

df'r': e
dx (Vax+7)
-1 dx X 1 d
N2x+7 . - A 2x+7
! ~ m(z] [ms 2}21}'21+? a3 *7)
v'_[zj
2x+7
- 2
V2x+7 —( ' ]
_ 1 0 2) a7
2x+7
Va-x* %(2x+7) {‘JIE.T+?){21‘+?}
: -::1:}5"";
= — — -° =

JAE x> 2x+ R {21’4—?)?

Question 6:

| 1+sinx ++/1-sinm
ot Jeox<—
\I'[|+$i]'i_1£' = y"ll-sinx

Answer
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I.ely:om"[ -

J1+sinx —1-sinx
Then, v"]+:=‘.1nx ++/1=38inx
1..'r]+sinx —Jl—sinx
{Jl+sinx+xfl—sin_x]_
- (J1+5inx—JI—sinx)[Jl +sinx+~.fl—5inx}

(14 sinx) + (1-sinx) +2,/(1-sin x)(1+sin x)
- (14 sinx)—(1-sinx)
_ 2+24l-sin"x
- 2sinx
_I+cosx
 sinx

w“l+sinx+\."l—sinx}

x
Z2eost =

. X x
2sin " cos
2 2
X
=cot —
Therefore, equation (1) becomes

5
| X

V= cot Lcm— |

J 2)

x
=S y==
2
oo

S _1d

de 2 ex

v _1
a2

Question 7:
(log x}msx x>l
Answer

Let vy = { log _r}lﬂh
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Taking logarithm on both the sides, we obtain
log y = log x-log(log x)
Differentiating both sides with respect to x, we obtain

dy_d
s .:ﬁ-[mg'r log(logx]]

=19~ oglog ) (lopx) og.x g g )

= d} :_v[lug[lug_r).l Flog x - |D;J: : ;il:lugx}}
dy | |
= —=y|—log(logx)+—
dx '{x g[ . r) x}
dy wee| 1 log(logx)
o= =log: —_——
alx [ o8 'r) {r X

Question 8:

cos|acosx+bhsin x
[: ], for some constant a and b.

Answer
Let y = cos( ae0s x +hsinx)

By using chain rule, we obtain

& = —cos(aeosxd bsin x)
dr dx

:;ﬁ = —sin (HCU‘S.‘ETbSinX}‘i[ﬂC03x+bSin x)
v dx

=—sgin [acﬂsx+hsinx}-[u(—sin x}+bcosx]

=(asin x —bcosx)-sin(acosx +bsinx)

Question 9:

}[tin e | o 3][

(sinx—cosx R En:x-c:—

Answer
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. sinx—oosx)
Letv= {5111 X —C0s x}[

Taking logarithm on both the sides, we obtain
. {sin x—cosx)

log y = Iog[l[smx—cosx }

= log y =(sinx—cosx)-log(sin x —cos x)

Differentiating both sides with respect to x, we obtain

ij—: = % {sin.\:— COs x]lug(sin X —COs t}]

= i % = lcg{sin X —C0s x]l -%(sinx —cosx] +(5i11 X—C0os x] -%lng ['Hin X —C05 x}

= ldy_ log (sin x —cosx ) -(cos x +sin x)+(sinx — cos x)- > A (sinx—cosx)
v odx ' : (':iin .1'—(:05.1.'} v

= % =(sinx —cosx}lmx_mﬂ I:(cos:r+s{n x)-log(sin x —cos x ) +(cosx +sin 1]1
dx

L. (sinx—cosx)
x

[smx—cosx)

(cos x'sin .\'][l+log{sh1.\' —L"os.t}]

Question 1(

X

x'+x"+a +asyfensome fixed @ >0and >0

Answer

Lety=x"+x"+a +a’

Also, letx" =u, ¥ =v, a" =w, anda” =5

S V= VEW A

_ dy _ du . dv N dw N s {]}
dv dv ode ode o dy

H=Xx

= logu =logx*

= logu =xlogx

Differentiating both sides with respect to x, we obtain
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ldu_ Ictg-'*"%{x]J“‘"%(mgx}

i dx
i [ 1 }
= —=u|logx-1+x-—
clx x
i . ¥
= —=x"[logx+1]=x"(1+logx) -(2)
elx
v=x"
. ﬂ — i{ 4:’)
av  dx
—1 i:_ =ax"! [3]
w=ua

= logw=loga’
= logw=xloga
Differentiating both sides with respect to x, we obtain

1 dw o
2.5 osa- 2
Wy ogd dx(x}
dw
::,,_
dx
ﬁ% a'lega {4)

s=a%

=wloga

Since a is constant, &° is also a constant.

s
— =1 5
- dx (5)

From (1), (2), (3), (4), and (5), we obtain
% =x"{| +logx}—ax"' '+a" loga+0
It

=x"(1+logx)+ax"" +a" loga
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Question 11:

x 3+|';_r—3]1 ) for r=3

Answer

Lety= x4 (x —E}V:

Also, let u = x* ~ and v = {x—?r}":
LY=uty

Differentiating both sides with respect to x, we obtain

@ _du o )
de  dv oy
w=x""

s logu = Iog(x*:"‘)
logu = (x* - 3} log x

Differentiating with respect to x, we obtain

1 du d T
— ——Ian-— x +x' =3)=(1ogx
i dx Hll J l: 4 dx( k }

1 i

_I 2 0
e ogx-2x 1{x JJ

v —3
Ly AW
+2xlog x
X

dj = I-'-l @
dx

.

Also,

p=(x-3)"
~logv=log(x —3]”:
= logv=x"log(x-3)

Differentiating both sides with respect to x, we obtain
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1 dv d o . d
——=log(x=3)-—(x |+ x  —|log({x-3
Loy (v-3) 4 () "L rog(x-3)]

]d"‘ r ] d
= ——=log(x-3)-2x+x  ———(x-3

v ddx gl: } x—3 x{ ]

2

= —=v|2xlog(x-3)+ 1

¥ [ g( } x=3 }

dv X .
= —=(x¥-3) | —+2xlog({x-3

By | gaston(s-)

ﬁam:lf

Substituting the expressions of dlx dx jn equation (1), we obtain

2

dy =x" }{I-_3+2x10gx]+[x—3}x:[ * +2xlog(,r—3}J
x x=3 ' :

dx -

Question 12:

dy J,;:]2(]—(:(:1-:;*’],1:1t]{x\‘—Him‘]u—E«:;:e-.:EI
Find d¥ | if ? N
Answer
It is given that, y =12(1=cost). x = 10{f —sin¢)
) E_ i
Tt di

%:%[Ii{l—cusr)]= 12 ,:::, (1-cost)=12-[0—(-sinr)]=12sins

[l{]{: —31'11:}]:—- Iﬂ-%[t-—sim‘] =10(1-cost)

[G'J*] root

—- . 12-2sin—-cos —

’ 12

cdv _\dr ) 12sing 2 2=Ecut%

Tde (dr) 10(1-cost)  pagr! 3
dt 2

Question 13:

aﬁ.‘

Findﬁl if y=sin"'x+sinyl1-x", -1=2x<1

Answer
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It is given that, y =sin ' x+sin ' 1-x*

L dy
i
_ Ay
dx
dy
= —=
dx

Cl{]-’

E:
D
dx
dy
==
dx

—:%[sin ' x+sin 'ﬁ}
%(sin lx)+di(9.in 'm)

(V1)

NI \/I_(ﬁ]f dx

11 .1(143)
J=x® x 21— dx'

1 1
\l'[]—x: ' EI\.I'{]—JL': (—21}

NN

@,

s

Question 14:

If°
dy

o+ v+ l+x =0

for, —1 < x <1, prove that
1

dx {l—x:j?

Answer

It is given that,

I+ y+dl+x =0
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S FETRI
Squaring both sides, we obtain
¥ (14y) =y (1+x)
S +xy=y +
= x? =yt =t —xly
=x' -y’ = xy(y-x)
= (x+y)(x-y)=w(y-x)
SX+ Y =Xy
= (l+x)y=—x

-x

(I+x}

Differentiating both sides with respect to x, we obtain

::,-]_r:

Y
.:]"_]:_ 1+x} x}—x :\ I+x} 02 0
& {_1—_1-} ﬂ:ﬂ_ (+x)

Hence, proved.

Question 1f

If{x —a) +(Vb)esct , for some €~ 0: prove that

dx” is a constant independent of a and b.

Answer
It is given that,{x —a}' +{}-‘ —b}' =

Differentiating both sides with respect to x, we obtain

Page 136 of 144


http://aglasem.com

Chapter 5 - Continuity and Differentiability Maths

Class XII
i[[x—ﬂ}j+;|:(}’—h}:}::;{:c:}
:E(I_fj}rc ‘(x—u]+2(v—h} d (v—h]zﬂ

=2(x-a)-1+2(y-5)-% =0
k9

f.ﬁ:_—(:c—a]
S b -0
Ay _d[~(-a
U’ de| y-b
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(3-0) 4 (x-a)~(x-a) L (v-1)
(v-b)

(r-6)-(-a)-2
(v-b)

=— — _ I:Using (l}]

Y : +[x—a}2 ’ ['y—h}3_+{:r~—_‘a}1_;
1+L£] _ {]{f—hf} -{ (=) J

dy |- _[{.r;b)* +({—_n:)*} \ _[(y-b)’ (J}
[_n-‘—f})"

(r-b)  (v-b)

= —¢, which is constant and is independent of o and b

Hence, proved.

Question 16:

dv  cos (a+y)
= 1y e ena
1f CO8Y veos(a+y }’with cosa # tl, prove that v sina

Answer
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It is given that, cosy=xms(a+ y]

. d 1= 4

. E[msy]——dr[xms[a+y}]

= —sin y% =ms{a+y)-%{x]+x-%[ms[a+y]]

= —siny® =~ cos(a+ y) - [-sin(a+ )] 2
X

= [xsin[a+ ¥)—sin y]—di =cos(a+y) (1)
. cos y

S - P = P N =
ince cosy=xcos(a+y). x cos(a+)

Then, equation (1) reduces to

%'Sin{ﬂ +y)-siny D _ cos(a-+y)

= [cos y-sin(a+y)—siny-cos(a+ 1}] : ::; =cos (a+y)

=5 &in [a +_];—y]§i =cos” [u 4 b)

dy cos” (a+h)
dv  sina

Hence, proved.

Question 17:
dz_];

v=alsint—rcost) _ 2
y=al },ﬂnd dx

x=alcost+ising)

If and

Answer
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It is given that, x = a(cos s +tsint) and y = a(sins —f cost)
dx
i

—a-2 (cost +1sinr)

dt
) ) d d ..
—a[—smr+5|nr-E(r)+I-E(sm:)j|
=a[—ﬁim+sinf+:cosr]=amﬂst
dy d .
— =a-—(sins —rcost)
dt dt

= alcas: - {cosr -%{r}+ t ~%{GGSI)H

=a[cas:—{cosr—rsinr}] = aisint

)
.ﬁ= dt _ae‘sin:‘:

ey [QJ " atcost

tan ¢

dt

d’v d ; i . [

Then, —3 =_[QW_  (tant) = sec” - —

ax”  dxlax ) dx dx

, 1 . dlt |
=sec | — — & i CO0Sf = — =
af cost gt dy  arcost

_isec !.'[LH:!{ 8
ai 2

Question 1§&

. L .
If"'r {t] —|x| , show that / {I}exists for all real x, and find it.

Answer

x, ifx=0
|x|={—r ifx<0
It is known that, e
" _ 1 _ __:l
Therefore, when x = 0, f(x) =[x =x
In this case, S {x] =3I_and hence, f"(x)=6x

3

When x < 0, _f'{x}:|x|] =[—x}] - —x
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In this case, / {"} - _jx_and hence, /

Thus, for"Ilr {t} =|.r| , J {I}exists for all real x and is given by,

f'"{} ox, ifx=0
x)=
: —bx, ifx<0

Question 19:
d :
_{xlr}: ﬂ'l'” 1
Using mathematical induction prove that dx for all positive integers n.
Answer
d i _n—| "o .
To prove: P’[n]:T(x ):m for all positive integers n
dx
Forn=1,
d

~P(n) is true forn = 1

Let P(k) is true for some positive integer k.

I’{k}:d(

That is, dx
It has to be proved that P(k + 1) is also true.

X } = kx*!

: d k+l d k
Consider dx(x )_ = (x-x ]
.
dx dx
=x* 1+x-k-x*
=x" + kot
=(k+1)-x"

= (k+1)-a

=x". d (x)+x- d {x"] [By applying product rule]
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Thus, P(k + 1) is true whenever P (k) is true.
Therefore, by the principle of mathematical induction, the statement P(n) is true for

every positive integer n.

Hence, proved.

Question 20:
Using the fact that sin (A + B) = sin A cos B + cos A sin B and the differentiation, obtain
the sum formula for cosines.

Answer
sin( A+ B)=sin Acos B +cos Asin B

Differentiating both sides with respect to x, we obtain

%[sin[.ﬁi +B]:| = %{sinrlcosﬁﬁ %{cns Asin B)
= CDS[A+B}-E{A+ B) =cos H--d (sin A)+simd - a4 (cos B)
dr elv o

i :
+sin B- Ij;{ms A)+cos A~ix(h"|” B)

{ !
= cos(A+EB)- . (A+ B)=cos fi-ms.rtius.fn A(—sin H]{'—H
dx feis dx

-{“Jrccﬁzlmsﬁd—g

+sin B(=sin4)
iy dx

= cos( A+ B)- i | iB}:{cnx.fcusB—sin Asin H]{ﬂ+ﬁ]
I ax cdx
s cos( A+ B)=cos Acos B —sin Asin B
£(x) &) h(x) e ) w)
v=| [ i " Y (] i
i
a b c a b c
If , prove that
Answer
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y=| | i H
a b c
= y=(mc—nb) f(x)-(lc-na)g(x)+(lb—ma)h(x)

Then, j}; = i [(mc—nb) f(x)]- ;r[{fc ~na)g(x)]+ ;; [(1b~ma)h(x)]

= (mc—nb) f'(x)~(lc—na)g'(x)+(Ib—ma)h'(x)

f'(x) g'(x) #(x)
= m n
] b ¢
f'(x) g'(x) h(x)
dv
E = m "
Thus ( a b ¢
Question 23:
3 — GRS 'x |. o o -l (L .‘:‘:) a'!l‘_,] =X E-a':_'ll' = D
If¥ =€ =1 =1 show that de”dx
Answer

A% by

It is given that,” = ¢
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Taking logarithm on both the sides, we obtain
log y=acos 'xloge
log y=acos ™' x

Differentiating both sides with respect to x, we obtain

tdy 1

¥ dx [

b _
dx 1-x"

(1) 2] - ey

Again differentiating both sides with respect to x. we obtain

dy S d . ok d '/ffvx':-l s o
(E] al17) (= )xcaﬂcﬂ [ § )

2 . L ey /
ﬁ[ﬁJ [—2.1‘}—[|—,1'2)x2{£.g 1 —32-2."'-£
e dx dy’ dx
Qz_ TS F’ﬂﬁlﬁ_:j’ﬁ
:»—xﬂ+[]— }d.'¥=a1 [iiﬂ}
i dx’® dx
ndy i 2., _
=(1-3") 25 —x——aly =0

Hence, proved.
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